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Report  on  activities  and  work  done  under  Contracts 
N6ori-201,  Task  Order  No.  1 (supported  jointly  by 
the  Mathematics  Branch  of  the  ONR  and  the  Air  Force), 
Nonr-285 ( 01 ) , Nonr-285(02)  (supported  by  the  AEC 
through  the  ONR),  and  Nonr-285(06)  (supported  by  the 
Mechanics  Branch  of  the  ONR),  during  the  period  July 
1951  - December  1952.  In  addition,  the  main  part  of 
a report  already  submitted  to  the  Office  of  Ordnance 
Research  (Contract  DA-^0-069-0RD-R-T>6 ) by  L.  Bers  has 
been  Included  in  Part  II  of  this  report  for  the  sake 
of  completeness. 


This  report  is  divided  into  two  parts.  In  Part  I a gen- 
eral summary  of  the  work  and  plans  of  the  Institute  is  given. 
This  summary  is  not  complete;  in  particular,  It  does  not  in- 
clude classified  work  done  in  the  Institute.  On  the  other 
hand,  it  refers  to  some  activities  and  aspects  that  are  not 
directly  concerned  with  the  work  done  under  the  contracts 
specified  above,  but  it  was  thought  best  to  widen  the  report 
in  this  way  in  order  to  give  a tetter  understanding  of  the 
organization,  working  habits,  philosophy,  and  future  plans  of 
the  group.  In  Part  II  more  detailed  individual  reports  are 
given,  as  well  as  a list  of  published  papers,  doctoral 
theses,  and-lecture  notes. 


PART  I 

We  have,  in  general,  continued  our  research  program  in 
apolied  fields  of  specific  interest  to  the  armed  forces  and 
to  the  AEC.  We  have  also  continued  our  program  of  training 
combined  with  research  in  accord  with  our  bas5o  philosophy 
that  these  two  functions  should  never  be  separated.  In  addi- 
tion, although  we  have  carried  out  certain  specific  research 
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projects , we  have  maintained  a reasonable  balance  between  ap- 
plied and  basic  research  and  have  made  strenuous  efforts  to 
preserve  a spirit  of  free  enquiry. 

It  is  hardly  necessary  to  say  that  the  shortage  of 
highly  trained  scientific  peorle  persists  in  our  fields  of 
interest  as  it  does  in  others.  We  are  making  every  effort  to 
do  our  share  in  improving  that  situation.  It  is  therefore 
not  out  of  place  to  mention  that  we  are  at  present  conducting 
24  different  lecture  courses  in  the  Graduate  School  of  Arts 
and  Sciences  of  New  York  University  which  are  attended  by  an 
average  of  25  students  in  each  course.  During  the  period 
since,  and  including,  June  1951  twenty- three  doctor's  degrees 
were  awarded  by  our  department;  names  and  thesis  titles  are 
given  in  Part  II.  As  c further  educational  measure,  the 
younger  peonle  working  in  our  Institute  (numbering  about  25) 
have  all  been  assigned  to  one  oT’  more  of  the  following  work- 
ing groups,  which  meet  at  intervals  to  discuss  the  relevant 
problems,  under  the  leadership  of  the  persons  named: 

1.  Mathematical  Fhysics--Professor  Courar.t 

2.  Partial  Differential  Eauations --Professor  John 

3.  Quantum  Mechanics--Professor  Friedrichs 

4.  Numerical  Analys is --Prof essor  Isaacson 

5.  Spherical  Waves--?rofessor  Keller 

6.  Fluid  Dynamics  (Mathematical  Aspects  of  Gas  Dynamics ) 
--Professor  Eers 

7.  Statistical  Mechanics--Professor  Grad 

8.  Water  \Vavc3--Professor  Peters,  Professor  Stoker 

9.  Classical  Groups --Prof e ssors  Friedman,  Magnus,  Shaniro 

10.  Number  Theory- -Prof essor  Shapiro 

Our  aim  in  setting  up  these  working  groups  is  as  much  to  pro- 
mote the  education  of  the  young  peonle  as  it  is  to  further 
research  in  concrete  fields. 

Reports  of  finished  research  work  have  been  printed 
largely  in  our  journal,  the  "Communications  on  Pure  and  Ap- 
plied Mathematics,"  a volume  of  which  is  issued  each  year. 


In  addition,  a number  of  mimeographed  reports  have  been  is- 
sued. As  part  of  our  educational  activity  we  have  for  years 
been  accustomed  to  prepare  lecture  notes  of  many  of  the 
graduate  courses  in  a form  suitable  for  general  distribution. 
This  activity  has  expanded  during  the  past  year  and  a half 
because  of  increasing  demand  from  outside,  and  there  are  now 
available  lecture  note 3 of  thirty  different  courses. 

The  preparation  of  the  revised  English  edition  of 
Courant-Hilbert , "Mathematical  Physics,"  is  approaching  com- 
pletion. A book  on  gravity  waves  in  water  by  J.  J.  stoker 
will  be  completed  in  the  course  of  1953.  A series  of  five 
extensive  papers  by  K.  0.  Friedrichs  on  the  mathematical  as- 
pects of  field  quantum  theory  has  been  published  in  the  Com- 
munications, and  these  papers  will  be  collected  and  supple- 
mented to  form  a book.  A book  on  partial  differential  equa- 
tions by  F.  John  and  Peter  Lax,  and  a book  by  H.  Grad  on 
statistical  mechanics,  are  being  written. 

One  of  the  essential  activities  of  the  Institute  con- 
sists in  fostering  cooperation  with  groups  and  individuals 
both  ir.  this  country  and  abroad.  To  this  end  we  have  had  the 
advantage  of  visits  for  varying  lengths  of  time  by  a consid- 
erable number  of  scientists  ouch  as  Dr.  Schardin  (St.  Louis 
in  Frsnce),  Dr.  Danel  (Grenoble,  France),  Professor  Lighthlll 
(Manchester,  England),  Professor  Fjc-ldstad  (Norway),  Profes- 
sor Heisenberg  (Germany),  Professor  Fichera  (Italy),  Dr. 
Richard  Meyer  (Manchester).  Various  members  of  the  Institute 
have  visited  other  research  oenters,  e.g.  R.  Courant, 

F.  John,  J.  Keller,  and  K.  0.  Friedrichs  in  Europe  last  sum- 
mer (1952).  All  but  the  last  named  also  attended  the  Inter- 
national Congress  of  Applied  Mechanics  in  Istanbul  and  gave 
lectures  there,  R.  Courant  one  of  the  invited  addresses. 

J.  J.  Stoker  visited  in  Europe  in  the  late  summer  of  1951  as 
American  delegate  to  an  International  Symposium  on  Vibrations 
in  France,  and  visited  for  six  weeks  and  gave  a course  in  hy- 
drodynamics at  the  Applied  Mathematics  Research  Group  in 
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Stanford  University  during  the  summer  of  1952.  Peter  Lax  spent  a 
month  last  summer*  pant  of  the  time  at  Stanford*  part  of  the  time  at 

Los  Alamos.  L.  Nirenborg  spent  the  year  1551-52  on  leave  of 
absence  in  Europe,  where  he  visited  at  length  in  Zurich  (at 
the  Technische  Hochschule)  and  paid  shorter  visits  to  re- 
search centers  in  Germany,  Franco,  and  Italy. 

Finally,  before  outlining  in  a summary  way  the  activi- 
ties in  the  various  scientific  fields,  some  mention  of 
changes  in  the  University  and  of  new  enterprises  affecting 
our  Institute  should  b - made.  New  York  University  has  had 
during  the  past  year  a new  Chancellor,  Dr.  Henry  ?.  Heald 
(formerly  of  Illinois  Institute  of  Technology).  In  addition, 
a number  of  new  administrative  posts  have  been  created,  such 
as  that  of  Executive  Vice-Chancellor,  Dr.  David  D.  Henry 
(formerly  President  of  Wayne  University).  One  of  „he  recent 
acts  of  the  new  administration  has  been  the  creation  of  an 
Institute  of  Mathematical  Sciences,  under  the  leadership  of 
R.  Courant,  which  will  comprise  the  present  Institute  for 
Mathematics  and  Mechanics,  the  present  research  group  working 
on  problems  in  electromagnetic  waves  under  Professor  Morris 
Kline,  and  a new  group  which  has  been  formed  to  carry  out  a 
contract  with  the  AFC  to  operate  a UN IV AC  digital  comoutsr  at 
New  York  University.  A building  has  beer,  purchased  by  the 
University  which  will  put  all  three  of  th  sc  groups  under  one 
roof.  In  effect,  the  University  is  supporting  the  activities 
of  our,  and  related,  groups  more  vigorously  and  effectively 
than  ever  before.  A development  in  the  field  of  statistics 
and  probability  is  plann'd. 

Part  I of  this  report  concludes  with  a brief  summary  of 
the  scientific  topics  in  which  the  Institute  has  been  active. 

This  is  supplemented  in  Part  II  by  reports  prepared  by  a num- 
ber of  individuals  in  the  Institute,  and  which  should  be  con- 
sulted for  more  detailed  statements  about  the  work  done  on 
specific  problems. 


5 


A . Mathematical  analysis  In  general 

1.  Partial  differential  equations.  This  subject  con- 
tinues to  be  one  of  the  more  engrossing  for  a considerable 
group,  including  Friedrichs,  John,  Bers,  Lax,  Douglis, 
Nirenberg,  and  a number  of  their  students  and  collaborators. 
The  completed  work  in  this  field  includes  the  following: 

(1)  A proof  of  the  identity  of  weak  and  strong  elliptic  dif- 
ferential operators  of  a rather  general  character  and  with 
non-constant  coefficients  (Friedrichs).  (2)  Papers  on  weak 
solutions  of  elliDtic  partial  differential  equations  and  on 
the  fundamental  solution  of  linear  analytic  partial  differen- 
tial equations  of  elliptic  type  (F.  John).  (*)  A new  proof 
of  Carleman’s  unique  continuation  theorem,  and  the  develop- 
ment of  a theory  of  pseudo-analytic  functions  and  integrals 
on  closed  Riemann  surfaces  (Bers).  (4)  A study  furnishing 
bounds  for  the  size  of  the  domain  of  regularity  for  a hyper- 
bolic system,  .and  studies  on  equations  of  the  type  = -A'J 

with  U a vector  and  A a matrix  (Peter  Lax). 

2.  Numerical  methods.  This  subject  has  become  increas- 
ingly interesting  to  more  and  more  people  in  the  grouo--a 
tendency  which  is  likely  to  increase  because  of  the  presence 
of  a large  group  operating  the  UN IV AC.  In  particular,  the 
problem  of  obtaining  numerical  solutions  when  the  basic  prob- 
lem involves  partial  differential  equations  has  been  much  to 
the.  fore.  Finite  difference  schemes  and  their  convergence 
for  a single  first  order  equation  u.  = au  + bu  with 

u(x,G)  = ^(>)  and  a and  b variable  have  been  studied  by 
Peter  Lax.  A n ew  scheme  °or  calculating  shocks  ’ey  finite 
differences  has  been  devised  by  Peter  lax  which  seems  to  have 
quite  considerable  advantages  over  other  methods  and  tc  be  of 
great  practical  value.  A paper  on  the  solution  of  nonlinear 
hyperbolic  differential  equations  by  finiti  differences 
(R.  Oourant,  E.  Isaacson,  M.  Rees)  has  been  published  in  the 
Communications.  A paper  by  F.  John  on  integration  of 
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parabolic  equations  by  difference  methods  has  also  been  pub- 
lished in  the  Communications.  Doctor's  theses  in  this  field  by 
Milton  Rose  and  L.  Nemcrover  have  been  completed  under  the 
supervision  of  E.  Isaacson. 

•T . Functional  analysis.  This  is  still  another  field  in 
which  interest  is  on  the  increase.  Among  the  work  done  was: 

(l)  A proof  that  elliptic  operators  of  second  order  over  a 
compact  domain  of  n-space  have  a complete  set  of  eigenfunc- 
tions under  the  first,  second,  or  third  boundary  condition 
(Lax  and  Berkowitz).  (2)  A discussion  of  the  behavior  of  the 
solution  of  a problem  in  elasticity  involving  the  biharmonic 
operator  was  carried  through  using  abstract  methods  (Lax  and 
Berg).  (3)  A summary  and  exposition  of  the  work  of  Friedrichs 
and  others  concerning  the  problem  of  criteria  for  continuous 
or  point  spectra  has  been  worked  out  by  J.  Berkowitz. 

(4)  Friedrichs  and  Shapiro  have  been  working  on  a general 
theory  of  Integration  of  functionals. 

4.  Number  theory.  H.  Shaoiro  has  continued  his  work  in 
analytic  number  theory  and  supervised  the  the.: is  by  Forman  in 
this  field.  (See  Part  II  for  a more  extended  summary  of  this 
work. ) 

B . Mathematical  physics 

One  of  the  major  tasks  of  the  Institute  during  the  past 
years  has  been  the  study  of  the  mathematical  basis  of  quantum 
field  theory  by  a group  (including  Corson,  Zumino,  Moses) 
under  the  leadership  <?f  K..  0 , , Friedrichs  . The  ras.u3.ts.  .of. ...... 

these  studies  (as  has  been  mentioned  earlier)  have  appeared 
in  a scries  of  articles  In  the  Communications,  and  they  will 
be  collected  and  published  as  a book.  The  work  of  this  group 
continues,  but  it  is  not  expected  that  it  will  be  pursued 
quite  as  intensively  in  the  future  as  It  has  during  the  past 
few  years. 

Here,  as  with  the  other  subdivisions,  a good  deal  of 
overlapping  with  other  fields  occurs.  For  example,  many  of 
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the  tyoes  of  problems  to  be  mentioned  subsequently  involve 
considerations  in  the  domain  of  wave  propagation,  and  some  of  the 
results  obtained  by  J.  Keller  and  his  collaborators,  by  the 
group  working  on  water  wave  problems,  and  by  the  groups  con- 
cerned with  spherical  waves  in  gas  dynamics  and  with  problems 
in  meteorology  have  made  contributions  with  some  general  in- 
terest in  the  theory  of  wave  propagation.  There  have  also 
been  some  contributions  in  potential  theory  by  Peter  Lax,  and 
by  various  people  working  with  water  wave  oroblems . 

The  seminar  in  mathematical  physics  ^ under  the  supervi- 
sion of  R.  Courant)  has  been  studying  the  theory  of  Hill’s 
equation  with  particular  reference  to  the  proposed  new  design 
of  a cyclotron  at  Brookhaven  and  will  continue  with  a study 
of  the  Liapounoff  theory. 

C . Fluid  mechanics 

This  field  has  always  been  a major  preoccupation  at  the 
Institute,  and  it  will  continue  to  be  so. 

In  compressible  gas  dynamics  L.  Bers  and  his  collabora- 
tors (Agmon,  Protter,  Berg)  have  been  interested  in  existence 
and  uniqueness  questions  for  subsonic  flow  past  given  pro- 
files, with  and  without  wakes,  and  existence  proofs  have  been 
given,  by  functional  analysis  methods  (Schauder-I-eray , essen- 
tially), in  both  cases.  The  second  case--that  of  cavitation 
flows--comprises  t^e  doctor’s  thesis  of  Paul  Berg.  Certain 
aspects  of  the  problem  of  transonic  flow  have  been  studied  by 
the  same  group  with  the  addition  of  C.  Morawetz  and  C.  Gardner. 

I.  Kolodner  and  C.  Morawetz  have  obtained  a short  and  simple 
proof  (without  assuming  analyticity)  of  Friedrichs ' s theorem 
on  the  non-existence  of  the  so-called  limiting  line.  It  is 
suspected  that  a flow  past  a profile  with  a local  supersonic 
region  is  mathematically  impossible  in  general,  and  various 
aspects  of  this  non-existence  statement  have  been  studied  by 
C.  Gardner  and  C.  Morawetz.  Uniqueness  theorems  with  refer- 
ence to  linear  differential  equations  of  mixed  type  (the 
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Tricomi  equation,  especially)  have  been  studied  (Prott.er, 

Agmon,  Morawetz). 

The  propagation  of  spherical  waves  in  compressible  media 
continues  to  be  studied  intensively.  G.  P.  Whitham  has  de- 
veloped and  published  in  the  Communicatiors  a method  of 
treating  weak  spherical  shocks.  This  theory  has  been  ex- 
tended and  used  to  study  the  propagation  of  spherical  waves 
in  a star  with  inclusion  of  the  forces  due  to  gravitational 
attraction;  this  work  has  application  also  to  wave  propaga- 
tion in  shallow  water  of  variable  depth.  C.  Morawetz  has 
studied  the  propagation  of  very  strong  spherical  shocks.  At- 
tempts are  now  being  made  to  deal  with  the  difficult  in-between 
region  in  'which  the  spherical  shock  is  neither  very  strong 
nor  very  weak. 

The  work  on  water  waves  continues.  A.  3.  Peters  and 
J.  J.  Stoker  are  engaged  in  studying  the  motion  of  a ship 
under  very  general  conditions:  the  ship  is  treated  as  a 

floating  rigid  body  with  its  six  degrees  of  freedom,  and  the 
motion  of  the  ship  under  the  action  of  the  propeller  thrust 
and  a given  sea-way  is  to  be  determined  in  terms  of  param- 
eters fixing  the  shape  of  the  3'nip’s  hull,  this  program  is 
feasible,  it  turns  out,  and  solutions  even  in  some  rather 
complicated  cases  can  be  given  explicitly.  At  worst,  an  in- 
tegral equation  must  be  solved.  S.  Ciolkowski  is  studying 
the  problem  of  determining  the  point  spectrum  in  the  case  of 
three-dimensional  waves  over  sloping  beaches  by  extending  the 
methods  used  by  A.  S.  Peters  to  obtain  the  continuous  spec- 
trum. Two  doctor’s  theses  have  been  completed  recently  in 
this  field.  One  is  by  H.  Rubin,  who  gives  an  existence-  proof 
in  the  case  of  progressing  waves  in  the  presence  of  a finite 
dock.  The  other  is  by  A.  Finkelstein,  who  gives  rather  gen- 
eral uniqueness  theorems  for  the  transient  and  unsteady  mo- 
tions, including  cases  in  which  rigid  bodies  act  as  obstacles 
to  the  wave  motion.  Certain  unsteady  motions  have  been 
studied  by  J.  J.  Stoker  with  the  object  of  clarifying  the 
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conditions  at  oo  for  steady  states  (the  so-called  Sommerfeld 
conditions)  by  studying  the  limits  as  t — co  of  properly 
formulated  problems  for  unsteady  motions.  A report,  on  the 
theory  of  floating  breakwaters  in  shallow  water  and  its  ao- 
pl Ication  to  breakwaters  in  the  form  of  ri^id  bodies  and 
flexible  beams  has  been  written  by  B.  Fleishman,  J.  J.  Stoker, 
and  L.  Wellczker,  and  it  will  be  issued  in  a few  weeks . Non- 
linear problems  in  the  theory  of  water  waves  have  also  been 
studied.  F.  John  has  devised  a means  of  producing  explicit 
unsteady  as  well  as  steady  flows  of  liouids  under  gravity  and 
having  a free  surface.  A.  Troesch  has  been  studying  the 
problem  of  the  breaking  of  waves  by  means  of  approximate  the- 
ories which  are  more  accurate  than  the  classical  nonlinear 
shallow  water  theory.  K.  0.  Friedrichs  has  devised  a new  ap- 
Droach  to  the  old  classical  and  famous  problem  of  proving  the 
existence  of  'rhe  solitary  wave;  the  details  of  this  method, 
which  looks  very  promising,  are  being  worked  out  by  Professor 
D.  H.  Hyers,  who  is  visiting  at  the  Institute  while  on  leave 
from  the  University  of  Southern  California.  L.  Nirenberg  is 
taking  up  once  more  similar  problems  concerning  steady  waves 
due  to  flows  over  obstacles,  which  he  had  carried  rather  far 
before  going  on  leave  of  absence  last  year. 

D . Nonlinear  vibrations 

Some  work  has  been  done  in  this  field,  but  the  interest 
in  it  at  present  is  slight.  A doctor's  thesis  in  this  field 
has  been  completed  by  B.  Fleishman.  This  thesis,  which  used 
largely  methods  devised  by  F.  Fickcn  for  this  type  of  prob- 
lem, was  concerned  with  proving  the  existence  of  a time- 
periodic  solution  in  a nonlinear  system  having  infinitely 
many  degrees  of  freedom  with  provision  for  large  viscous 
damping.  F.  Ficken  and  J.  J.  Stoker  collaborated  in  working 
on  the  same  type  of  problem  without  damping;  this  work  was 
discussed  by  the  second-r.amcd  at  an  International  Symposium 
r.old  on  the  He  do  Porquerrol  1 es  in  France.  J.  Keller  has 
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considered  the  problem  of  the  bowing  of  a violin  string  by 
taking  into  account  the  self-excited  character  of  the  excita- 
tion, and  has  been  able  to  carry  out  explicit  solutions  in  a 
variety  of  cases. 

E . Statistical  mechanics 

A group  consisting  of  H.  Grad,  Marian  Rose,  P.  Mostov, 

R.  Goldberg,  and  others,  under  the  leadership  of  the  first- 
named,  has  intensified  the  work  in  this  field.  Completed 
work  includes:  (l)  Determination  of  the  profile  of  a plane 

shock  wave  using  the  thirteen  moment  equations,  (2)  statisti- 
cal mechanics  of  systems  v;l  th  many  integrals,  (3)  derivation 
of  the  Boltzmann  equation,  (4)  plane  Couette  flow.  Work  is 
nearly  completed  on  the  problems  of  molecular  chaos  and 
sound  dispersion.  Work  continues  on  problems  concerning 
diffusion,  proof  of  a general  H-theorera,  theory  of  dense 
gases  and  liquids,  specific  gas  dynamical  flows  for  mole- 
cules with  internal  structure  (P.  Mostov),  slow  flow  around 
a sphere  with  arbitrary  mean  free  path  (R.  Goldberg), 
cylindrical  Couette  flow  for  thirteen  moments  (Marian  Rose). 
The  work  in  this  field  continues  to  promise  good  returns. 

F . Shaped  charges 

Aside  from  classified  reports  (by  Hudson  and  Gardner), 
the  work  on  the  problems  of  this  field  by  G.  E.  Hudson  in- 
cluded a study  of  Mach  reflection  of  strong  shocks  at  a 
rigid  wall.  The  work  under  contract  in  this  field  will  ter- 
minate shortly. 

G . Meteorology 

The  efforts  in  this  field  have  all  been  directed  toward 
the  study  of  the  large-scale  perturbations  of  the  prevailing 
westerly  currents  in  middle  latitudes.  The  first  step  in 
this  direction  was  a derivation  by  Keller  and  Ting  of 
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simplified  equations  from  the  exact  hydrodynamical  equations 
through  a formal  development  with  respect  to  a parameter  in  a 
manner  reminiscent  of  the  way  one  obtains  the  nonlinear  shal- 
low water  theory  of  gravity  waves.  Equations  similar  to 
those  derived  by  Charney  and  Thompson  (and  which  serve  as  a 
basis  for  numerical  prediction  of  pressure  changes  in  the  at- 
mosphere) were  obtained,  but  unfortunately,  as  was  shown 
by  Lowell,  these  eouations  lead  only  to  rather  uninteresting 
solutions.  Lowell  has  since  made  strenuous  efforts  to  obtain 
developments  of  a similar  character  in  other  forms,  but  the 
problem  seems  to  be  difficult  because  the  develonraent  in  all 
probability  has  asymptotic  rather  than  convergent  character 
and  its  form  is  very  hard  to  guess.  Isaacson  and  Lowell  have 
studied  the  nonlinear  differential  equation  of  Charney  (used 
a*',  Princeton  as  a basis  for  numerical  prediction)  from  a 
mathematical  point  of  view  and  have  found,  for  example,  vari- 
ous different  ways  in  which  it  is  reasonable  to  formulate  the 
boundary  and  initial  data.  Stoker  has  develooed  a theory  for 
discussing  the  motion  of  cold  and  warm  fronts,  on  the  basis 
of  a series  of  fairly  plausible  physical  assumptions,  which 
is  not  bound  to  the  assumption  of  small  perturbations  on  the 
discontinuity  ourface  between  the  wedge  of  cold  air  at  tne 
ground  and  the  overlying  warm  air.  The  resulting  nonlinear 
partial  differential  equations  have  then  been  treated  approx- 
imately in  two  different  ways.  One  way,  devised  by  Whitham, 
leads  rather  easily  to  a qualitative  discussion  of  the  dynam- 
ics of  frontal  motions  that  is  in  excellent  accord  with  the 
observations,  but  this  approach  has  the  disadvantage  that  it 
cannot  be  carried  out  (as  far  as  can  be  seen  now,  that  is) 
quantitatively  because  of  a peculiar  difficulty  at  cold 
fronts.  Another  way,  devised  by  Stoker,  consists  in  making 
still  further  simplifying  assumptions  in  order  to  obtain  a 
system  of  differential  equations  in  two  independent  variables 
only:  the  time  and  one  space  variable.  A system  of  four 

first  order  nonlinear  partial  differential  equations  is 
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obtained  which  can  be  solved  numerically  by  using  finite  dif- 
ferences applied  to  the  characteristics.  The  calculations  are 
very  tedious,  but  they  have  been  encouraging  so  far  in  that 
the  qualitative  phenomena  seem  to  be  correctly  obtained.  Work 
in  this  direction  will  be  continued. 

H . Nonlinear  elasticity 

Two  doctoral  theses  have  been  completed  recently  in  this 
field.  M.  Yanowitch  has  discussed  the  stability  of  certain 
nonlinear  bent  states  of  the  thin  circular  elastic  plate. 

One  case  is  that  of  the  symmetrical  buckled  state  of  the  cir- 
cular plate  under  pressure  in  the  plane  of  the  plate,  and  the 
other  is  the  symmetrical  bent  state  due  to  pressure  applied 
normally  to  the  face  of  the  olate.  In  both  cases  instabili- 
ties arising  through  perturbations  from  the  symmetrical  bent 
state  were  found  under  appropriate  boundary  conditions  and  at 
sufficiently  high  values  of  the  applied  pressures. 

The  thesis  of  B.  Altshuler  was  concerned  with  the  non- 
linear buckling  of  the  spherical  thin  shell  under  constant 
external  pressure,  and  the  main  object  was  the  study  of 
asymptotic  develoDments  capable  of  yielding  the  buckling  into 
small  inward  dimples  which  is  observed  in  experiments. 


1* 


PART  ll 


Llpman  Bers 


Subsonic  Flow;  Existence  and  Uniqueness  Theorems 

The  problem  of  finding  a subsonic  potential  flow  past  a 
profile  P which  is  horizontal  at  infinity  amounts  to  a boun- 
dary value  problem  for  a nonlinear  partial  differential  equa- 
tion. More  than  a hundred  papers  were  written  on  this 
subject,  but  with  a few  exceptions,  all  of  these  deal 
either  with  the  construction  of  examples  or  with  approximate 
procedures  of  doubtful  validity. 

In  1934  Frankl  and  Keldysh  proved  the  existence  and 
uniqueness  of  a solution  for  sufficiently  small  values  of  the 
free  stream  Mach  number  M . A few  years  ago  I proved  the 
existence  of  a solution  with  arbitrarily  given  maximum  local 

Mach  number  M < 1,  but  only  for  the  so-called  "v  = -1  case," 
max 

that  is  for  the  equation  of  minimal  surfaces.  In  1951  Shiffman 

proved  a general  existence  theorem  for  values  of  M arbi- 

max 

trarily  close  to  1.  Shiffman  uses  variational  methods  and 
assumes  P to  be  smooth.  He  prescribes  M and  the  value  7"1 

CO 

of  the  circulation,  and  proves  uniqueness  only  within  the 
class  of  functions  for  which  a certain  Dirichlet  integral  is 
finite.  From  the  aerodynamical  point  of  view,  however,  the 
interesting  case  is  that  of  a profile  P v'ith  a sharp  trailing 
edge,  V being  not  prescribed  but  determined  by  the  Kutta- 
Joukowskl  condition.  A complete  solution  of  this  problem  has 
been  achieved  during  the  work  on  this  project. 

We  assume  that  P is  a simple  closed  curve  which  possesses 
at  all  points,  save  perhaps  one,  a tangent  whose  inclina- 

tion as  function  of  arc-length  satisfies  a Httlder  condition. 

At  z,p  the  two  one-sided  tangents  exist  and  form  the  angle  Cc  , 
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0 < oc  < tt.  It  la  required  to  find  a potential  gas  flow  past 
P such  that  (1)  on  P the  velocity  vector  Is  tangent  to  P and 
satisfies  a Holder  condition,  (11)  at  z^,  the  speed  q vanishes 
(Kutta- Joukowskl  condition)  (if  OC  < tt  it  suffices  to  require 
that  q should  be  finite  at  z^) , (iii)  as  (x,y)  — ► co  the  y- 
component  of  the  velocity  vector  approaches  0,  the  x-co.mponent 
approaches  a given  positive  number  q . 

00  A ^ 

Our  main  result  asserts  that  there  exists  a number  q > 0 
such  that  for  0 < q^  < q the  problem  has  a unique  solution 
depending  continuously  on  q^.  This  solution  is  everywhere 


subsonic,  that  is  M _ < 1. 

max 


M is  a continuous  function  of 
max  A 

0;  as  q^  — q,  Mmax 


q __  . As  q _ — ► 0,  M -*■  0;  as  q ^ — ► q,  M „ _ -*•  1.  There 
co  oo  max  oo  max 

are  no  stagnation  points  outside  P.  If  a / 0 on  P except  at 
z then  q vanishes  at  z^,  of  order  1 + (Oc/tt).  Otherwise  q 
vanishes  at  of  order  Gc/tt,  at  some  other  point  at  P of  or- 
der 1,  and  q ^ 0 elsewhere.  If  P is  symmetric  with  respect 

to  the  x-axis,  the  M is  a monotonic  function  of  q„. 

max  oo 

The  proof  of  this  theorem  is  based  on  the  ° chauder-Leray 
method,  as  was  the  previous  work  on  the  case  v = -l . The 
same  approach  yields  other  existence  and  uniaueness  theorems. 
Thus  one  may  prescribe  and  require  that  T = 0 (this 

amounts  to  finding  the  direction  of  no  lift),  or  one  may  pre- 
scribe and  the  location  of  the  second  stagnation  point, 

etc.  Also,  one  may  assume  that  at  z,p  the  profile  has  a cusp 
( Oc  =0),  and  that  there  i?  a finite  number  of  intruding  cor- 
ners . 


A complete  presentation  of  these  results  will  be  given 
in  a separate  paper. 

The  techniques  developed  for  treating  a gas  flow  past  a 
profile  can  be  used  also  for  discussing  cavitation  flows.  In 
a thesis  written  by  Paul  Berg  these  techniques  have  been  used 
to  solve  the  Helmholtz  wake  problem  for  a compressible  fluid. 
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Subsonic  Flows:  Mathematical  Background 

Analytic  functions  and  conformal  mapping  are  the  proper 
tools  for  Investigating  Incompressible  flows,  and  also  com- 
pressible flows  In  the  Chaplygin  approximation  ( 'V  = -1"). 

The  corresponding  tools  for  subsonic  gas  dynamics  are  two 
generalizations  of  complex  function  theory:  the  theory  of 

quasi -conformal  mappings  (GriJtsch,  Teichratiller , Lavrentyeff , 
Ahlfors)  and  that  of  pseudo-analytic  functions  (Polozii, 

Bers ) . In  the  course  of  the  work  on  this  contract  some  new 
results  and  new  applications  of  these  theories  have  been  ob- 
tained . 

(A)  A general  property  of  variable  density  flov/s.  By 
a variable  density  flow  is  meant  a solution  of  the  elliptic 
equation  (p4>  ) + (pA  ) = 0 where  the  unknown  function  6 Is 

a x y y 

interpreted  as  the  velocity  potential  of  a flow  with  a given 
variable  density  p(x,y).  Using  some  simple  theorems  on 
pseudo-analytic  functions  and  quasi -conformal  mannings  it  can 
be  shown  that  every  such  flow  is  topologically  equivalent  to 
an  incompressible  flow.  Thus  one  can  give  an  a priori  de- 
scription of  the  stream-line  pattern  of  a gas  flow  satisfying 
given  boundary  conditions.  These  results  apply  to  both  sub- 
sonic and  transonic  flows.  A complete  statement  will  be 
given  in  the  paper  mentioned  above. 

(B)  Boundary  value  problems  for  the  equation 

aA  + hc(x,y)A  + P(x>y)A  = 0.  The  theory  of  these  problems 
x y 

Is  classical,  but  the  usual  treatment  assumes  cc , P to  be 
regular  on  the  closure  of  the  domain  considered.  The  proof 
of  the  theorems  described  in  the  preceding  section  required  a 
theory  of  boundary  value  problems  for  the  case  when  , p be- 
come infinite  at  the  boundary.  Such  a theory  has  been  devel- 
oped by  the  use  of  pseudo-analytic  functions.  Results  which 
have  gas -dynamical  applications  are  included  in  the  paper 
mentioned  above.  Other  results  may  be  published  separately 
at  a later  date. 


16 


1C)  Carleman's  theorem.  This  theorem  asserts  that  so- 
lutions of  a system  of  differential  equations  of  the  form 

u - v =*  (Xu  + Bv,  u + V 3 ni  + 5v  have  isolated  zeros, 
x y y x 

It  is  basic  for  the  theory  of  pseudo-analytic  functions  and 
its  applications  to  gas  dynamics . A strengthened  version 
and  a new  proof  of  this  theorem  have  been  obtained. 

( D ) Pseudo-analytic  functions  on  closed  Riemann  sur - 
faces . This  work  is  relatively  remote  from  applications 
but  seems  to  be  of  independent  interest.  It  consists  of 
extending  the  basic  theorems  on  Abelian  integrals  and  the 
Riemann-Roch  theorem  to  the  case  of  pseudo-analytic  func- 
tions and  differentials.  The  results  have  been  reported 
to  the  recent  Princeton  Conference  on  Riemann  surfaces  and 
a summary  will  appear  in  the  Proceedings  of  this  confer- 
ence. A complete  presentation  will  be  published  later. 


Transonic  Flows:  The  Non-existence  Problem 

Some  time  ago  many  aerodynamic is ts  believed  that  a 
potential  gas  flow  past  a profile  breaks  down  only  after 
a sizable  locally  supersonic  region  has  been  developed. 

An  attempt  was  made  to  explain  this  break-down  by  the 
appearance  of  a so-called  ”1 lml ting  llnen  in  the  hodograph 
plane  of  the  flow.  This  latter  hypothesis  was  disproved 
in  an  important  paper  by  Friedrichs.  Friedrichs'  proof, 
however,  is  rather  complicated  and  is  based  on  not  quite 
natural  analyticity  assumptions.  In  connection  with  the 

work  of  the  seminar.  I..  Kolodn&r  and  C > Morawe-tz  obtained 

a very  short  and  simple  proof  of  Friedrichs'  theorem. 

Their  paper  will  appear  in  the  Communications  on  Pure  and 
Applied  Mathematics. 

It  is  now  generally  believed  that  a potential  flow  past 
a profile  with  a local  supersonic  region  is  mathematically 
impossible  except  for  very  special  cases.  More  precisely, 
the  following  non-existence  theorem  has  been  conjectured:  if 
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a transonic  potential  flow  is  possible  for  a profile  P and 
free  stream  Mach  number  M_.  then  no  such  flow  with  the  same 

CD 

value  of  I-!  exists  for  a profile  P'  arbitrarily  close  to  P. 
oo 

In  a series  of  papers  Frankl , Busemann  and  Guderley  tried  to 
give  plausibility  arguments  supporting  this  conjecture,  and 
to  reduce  it  to  a uniqueness  theorem  for  linear  partial  dif- 
ferential equations  of  mixed  type.  Their  reductions  always 
depended  on  considering  "infinitely  close"  flows  and  this  in- 
troduced a new  element  of  uncertainty.  Recently  C . Gardner 
gave  a very  simple  argument,  avoiding  the  consideration  of 
infinitesimal  variations,  which  also  reduces  the  proof  of  the 
non-existence  theorem  to  a linear  uniqueness  theorem.  Unfor- 
tunately neither  the  theorem  conjectured  by  Gardner  nor  the 
more  special  uniqueness  theorems  conjectured  by  Frankl  and 
Guderley  have  as  yet  been  proved.  Gardner’s  argument  is 
given  in  his  seminar  talk. 

A rigorous  but  very  special  non-existence  theorem  is  due 

to  Nikolski  and  Taganov . Let  there  be  riven  a potential  gas 

flow  past  an  arc  C and  let  C be  a subarc  of  C such  that 

o 

M > 1 along  CQ  and  M = 1 at  the  end-points  of  C . The  theorem 
states  that  the  supersonic  region  extends  to  infinity  if  CQ 
contains  a straight  segment.  Recently  C . Morawetz  obtained  a 
considerably  stronger  version  of  this  theorem.  She  showed 
that  the  same  conclusion  holds  if  CQ  contains  a point  with 
vanishing  curvature.  This  work  is  not  yet  prepared  for  pub- 
lication. 

Transonic  Flows:  Mathematical  Background 

The  theory  of  transonic  flows  depends  on  the  theory  of 
partial  differential  equations  of  mixed  type.  The  simplest 
such  equation  is  Tricorai's  equation 

(1)  + = 


The  stream-function  of  a gas  flow  considered  as  a function  of 
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the  velocity  components  satisfies  an  eouatlon  which  can  be 
reduced  to  the  Chaplygin  form 

(2)  K(y)  Vj  +0  =0 

J / xx  r yy 

with 


K(y)  = y ( 1 + 0(1)]  , y **♦  0. 

After  the  apoearance  of  Tricomi’s  pioneering  paper  (192*) 
many  authors  investigated  eouatlons  (1)  and  (2)  but  we  are 
still  very  far  from  a general  theory. 

For  equation  (1)  Tricorn!  succeeded  In  finding  a well-set 
boundary  value  problem.  A problem  Involving  transonic  gas 
jets  led  Frankl  to  consider  the  same  problem  for  Chaolygin's 
equation.  He  proved  a uniaueness  theorem  under  a restrictive 
condition  on  the  size  of  the  domain.  A less  restrictive 
uniqueness  theorem  has  been  obtained  by  Protter . Recently 
Protter  also  attacked  the  existence  theorem  using  methods  de- 
veloped by  Gellersted.  This  approach  seems  successful,  but 
the  work  is  not  yet  ready  for  publication.  An  investigation 
of  the  same  problem  by  different  methods  is  being  carried  out 
presently  by  Agmon.  The  work  is  as  yet  in  too  early  a stage 
to  be  reported  on. 

The  non-existence  theorem  for  transonic  flows  discussed 
above  requires  for  its  proof  a uniqueness  theorem  for  a 
•boundary  value  prob?,em-  generalizing  that  of-Tricomi.  No 
proof  of  such  a theorem  has  yet  been  found,  except  for  an 
isolated  result  by  Protter,  which  is  too  special  to  be  stated 
here . 

It  is  hoped  that  during  the  coming  year  a major  part  of 
the  work  on  the  project  will  be  devoted  to  the  theory  of 
equations  of  mixed  type.  Only  major  progress  in  this  direc- 
tion can  lead  to  a real  understanding  of  the  mathematical  as- 
pects of  transonic  flows. 
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Avron  Douglls 

Most  of  A.  Douglis'  work  this  year  has  been  concerned 
with  linear,  hyperbolic  equations  of  second  order  v'ith  vari- 
able coefficients.  An  elementary  means  was  developed  for 
showing,  without  making  use  of  the  fundamental  solutions  or 
of  Riesz  integrals,  that  the  solution  of  an  initial -value 
problem  for  such  an  equation  is  characterized  by  an  integral 
relation  of  Volterra  type.  This  integral  relation  was  then 
applied  to  the  study  of  the  behavior  of  solutions  of  Cauchy 
problems.  These  studies,  which  are  still  in  progress,  are 
concerned  chiefly  with  characterizing  the  domain  of  depend- 
ence and  with  investigating  the  effect  on  the  solution  of 
discontinuities  in  the  initial  data. 

The  above  procedures  were  modified  in  such  a way  as  to 
apply  to  certain  problems  in  which  both  Cauchy  data  on  a 
space-like  initial  manifold  and  boundary  data  on  a time-like 
manifold  are  prescribed.  How  an  attempt  is  being  made  to 
generalize  these  preliminary  results  and  thus  to  develop  a 
new  comprehensive  theory  of  composite  initial-  and  boundary- 
value  problems.  Such  a new  theory  would  not,  indeed,  take 
the  place  of  the  existing  theories  of  these  problems,  but 
would  be  of  advantage,  it  is  believed,  in  studying  certain 
aspects  of  the  behavior  of  solutions. 

Lastly,  some  preliminary  attempts  have  been  made  to 
adapt  these  ideas  to  the  treatment  of  hyperbolic  equations  of 
higher  order.  There  is  as  yet,  however,  nothing  conclusive 
to  report. 
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K.  0.  Friedrichs 


My  primary  occupation  consisted  In  continuing  work  on 
the  quantum  theory  of  fields  which  I had  started  about  two 
years  before.  I finished  parts  IV  and  V of  the  series  of 
papers  "Mathematical  Aspects  of  the  Quantum  Theory  of  Fields." 

In  part  IV  a general  treatment  of  the  occupation  repre- 
sentation Is  given.  Such  a representation  has  been  employed 
so  far  by  physicists  only  In  the  case  In  which  the  field  Is 
enclosed  In  a box,  so  that  the  possible  energy  eigenstates  of 
a single  particle  form  a discrete  set,  5)^,  r = 1,  2,  •••  . 

The  state  of  the  field  Is  then  described  by  the  amplitude 
f(  v'lf  v'g,  v>^,...)  of  the  probability  that  particles  are 

In  the  state  $r.  The  restriction  that  the  variable  r on 
which  the  "occupation  number"  v5  depends  Is  discrete,  is  re- 
moved In  part  IV.  Occupation  numbers  V = r(s)  are  Intro- 
duced which  depend  on  a variable  s with  which  a general 
measure  differential  dm(s)  Is  associated.  The  probability 
amplitude  is  then  a functional  f ( \?  ) of  (s).  For  these 
functionals  a quadratic  unit  form  is  introduced,  written  In 
the  form 


(f,f)  lf(J  )l8  TT3 


>>  (a) 


This  symbolic  notation  proves  useful  in  evaluating  vari- 
ous significant  quantities  associated  with  the  field. 

A different  class  of  occupation  functionals  <p  { x M is 
introduced,  associated  with  a unit  form  written  in  the  form 

= E.;  I^(v’)|2  Ts  e'dmU’- 

It  turns  out  that  in  case  J dm(s)  = oo  a field  which  has 
such  occupation  functionals  as  probaoility  amplitudes  is  es- 
sentially different  from  fields  of  the  kind  described  before. 
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The  name  "myriotic"  Is  introduced  for  fields  of  this  new 
type.  The  most  remarkable  property  of  myriotic  fields  is 
that  they  possess  no  vacuum  state  and  that  the  expected  value 
of  the  number  of  particles  composing  it  is  alwpys  infinite. 

These  notions  are  first  developed  for  boson  fields  and 
finally  carried  over  to  fermion  fields. 

In  part  V a general  theory  of  linear  transformations  Y 
of  annihilation  and  creation  operators  A-(x)  into  a new  pair 
B-(x)  = Y A-(x)  is  developed. 

The  elements  of  the  matrix  Y are  operators  acting  on 
functions  of  x.  A special  class  of  matrices  P is  introduced 
such  that  the  transformation  Y = exp  P produces  operators 
B*  = Y A-  which  satisfy  the  same  commutation  rules  as  the  op- 
erators A-.  The  problem  now  is  to  find  a unitary  transforma- 
tion T acting  on  the  state  of  the  field  such  that 
B-  = T-^  A-  T.  It  is  shown  that  such  a "canonical  transfor- 
mation" can  be  given  in  the  form  T = exp  f P]  when  [P]  is  a 
quadratic  form  in  the  A+  and  A~  whose  coefficients  are  essen- 
tially those  of  the  matrix  P.  The  important  problem  now  is 
to  order  the  transformation  T with  respect  fo  annihilation 
and  creation  operators,  specifically  to  write  T in  the 
"E-ordered"  form 

T = exp  (P+]  exp  fPQ]  exp  [P_], 

in  which  P+  and  P_  depend  only  on  the  A+  and  A_  respectively, 
and  in  which  PQ  commutes  with  the  number  of  particles.  These 
matrices  P^,  PQ  can  be  obtained  simply  by  decomposing  the 

matrix  exp  P in  the  form 

exp  P = exp  P+  exp  PQ  exp  P . 

The  derivation  of  this  fact  is  based  on  a fundamental  theorem 
by  Baker  and  Hausdorff  (1906). 
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The  results  are  employed  to  analyze  various  types  of 
"Infinities”  or  "divergencies”  occurring  In  the  quantum 
theory  of  elastic  media  and  in  the  theory  of  vacuum  polariza 
tion. 


As  a small  contribution  to  the  mathematical  aspects  of 
the  quantum  theory  I gave  a unified  treatment  for  the  time- 
dependent  and  time-independent  scattering  process.  The  time- 
independent  treatment  is  given  with  the  aid  of  Heisenberg's 
S -matrix  from  which  the  limit  as  t — ► oo  of  the  probability 
of  scattering  in  any  direction  can  be  derived.  The  time- 
dependent  treatment  of  the  scattering  of  particles  which  ar- 
rive with  a sharply  defined  momentum  leads  to  a probability 
which  increases  linearly  in  time.  In  the  unified  treatment  a 
slightly  unsharp  initial  state  is  assumed.  Then  the  probab- 
ility is  approximately  linear  in  time  only  over  a certain 
time  interval,  whose  extent  depends  on  the  unsharpness,  while 
it  approaches  a finite  limit  as  t — ► co . 

Another  contribution  to  the  mathematical  aspects  of 
quantum  theory  is  a paper  on  the  General  Adiabatic  Theorem. 

It  is  assumed  that  the  Hamiltonian  H depends  on  the  time  t in 
the  form  H = H^/^  . The  process  of  switching  on  the  differ- 


ence H^  - Hq  will  thus  be  completed  in  the  time  t^ . It  is 
desired  to  find  an  asymptotic  expansion  of  the  solution 
5^(t,t1)  of  the  Schroedinger  equation  i^.^  = for  large 
values  of  t^.  The  first  term  of  this  expansion  gives  the 
Adiabatic  Theorem.  The  proper  evaluation  of  this  term  de- 
pends on  the  nature  of  the  spectrum  of  H.  In  the  case  of  a 
discrete  spectrum  the  second  terra  of  the  expansion  is  deter- 
mined. In  the  case  of  a continuous  spectrum  the  relationship 
of  the  Adiabatic  Theorem  to  the  "irrelevancy  of  the  adiabatic 
hypothesis"  is  established.  In  a simple  problem  of  field 
quantum  theory  the  Schroedinger  equation  can  be  solved 
exactly.  The  correctness  of  the  first  terra  derived  from  the 
theory  developed  can  thus  be  verified. 


27> 


A contribution  to  the  ’•pure"  theory  of  partial  differen- 
tial equations  is  a paper  on  the  Identity  of  Weak  and  Strong 
Solutions  of  Linear  Elliptic  Differential  Equations.  A gen- 
eral differential  operator  L of  order  2r  is  considered.  Its 
leading  term  is  written  in  the  form  DraDr,  in  which  D stands 
for  the  gradient,  -D  for  the  divergence,  while  the  matrix  a, 
which  depends  on  the  point  x in  the  domain,  satisfies  an  ap- 
propriate  positive  definiteness  condition.  The  operators  D 
are  assumed  to  be  applicable  in  the  strong  sense  with  respect 
to  quadratic  integrability  in  closed  subdomains.  The  opera- 
tors Dr  are  assumed  applicable  in  the  weak  sense.  It  is 
proved  that  the  solution  u of  the  equation  Lu  * f admits  the 

strong  operator  D , if  the  right  member  f admits  the 

1/ 

strong  operator  D . The  two  main  tools  consist  first  in  in- 
tegral inequalities  of  the  type  used  for  similar  purposes  in 
a paper  by  Courant,  Lewy,  and  the  author  in  1928,  second,  by 
approximation  by  smoothing  integral  operators,  the  "raolli- 
fiers."  The  above  result  is  used  to  prove  that  the  solution 
u possesses  derivatives  in  the  strict  sense  of  order  s if  the 
right  member  f possesses  strong  derivatives  up  to  an  order 
k > 8 - 2r  ra/2. 


E.  M.  Corson 


Dr.  Corson  has  carried  out  studies  as  follows: 

In  the  theory  of  quantized  fields,  the  investigation  of 
the  interrelation  of  the  Peynman-Dyson  Schwinger  formalisms 
and  the  underlying  physical  meaning  of  ths  renormalization 
techniques.  A principal  difficulty  of  interpretation  seems 
to  arise  through  the  appearance,  and  requirement,  of  two 
quite  distinct  sets  of  density-tensors  (charge-current, 
energy -momentum) , the  one  renormalized  and  formally  playing 
the  usual  role,  the  other  being  required  to  obtain  the  usual 
three-dimens ionally  integrated  total  field  quantities.  This 
situation  seems  to  imply  a completely  different  connection 
whose  physical  meaning  is,  as  yet,  not  clear. 

In  the  theory  of  crystal  statistics,  the  investigation 
of  the  two-dimensional  binary  lattice--f irst  with  a combinatorial 
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approach  collateral  to  the  usual  group-theoretical  treatment 
as  given  by  Onsager-Kauffman,  et  al.  A particular  mode  of 
combinatorial  solution  has  been  anticipated,  during  the 
course  of  this  study,  and  further  consideration  has  been 
directed  towards  the  possibility  of  extending  this  technique 
to  the  three-dimensional  case.  As  yet  no  further  solutions 
have  been  obtained,  and  we  are  attempting  to  verify  Kac's 
adumbration  that  his  result,  in  principle,  suggests  that  the 
general  case  is  not  solvable. 


Bruno  Zuraino 


Dr.  Zumino  has  in  particular  been  concerned  with  the 
following  topics: 

The  relation  with  the  variational  Lagrangian  formulation 
of  Schwinger  has  been  established.  Work  is  in  progress  mak- 
ing use  of  these  results,  hoping  to  obtain  a consistent  for- 
mulation of  quantum  electrodynamics,  involving  only  renormal- 
ized, observable  quantities.  The  object  is  to  write  down  the 
equations  for  the  observable  quantities  in  closed  form,  and 
to  be  able  to  investigate  their  exact  solutions,  giving  in 
this  way  an  answer  to  the  fundamental  problem  of  the  conver- 
gence of  these  solutions  after  renormalization. 

A partial  problem  has  been  particularly  taken  into  con- 
sideration: the  polarization  of  the  vacuum  in  a given  exter- 

nal non-quantized  electromagnetic  field.  Exact  expressions 
for  the  vacuum  induced  current  charge  densities  can  be  ob- 
tained using  a method  of  Friedrichs,  applied  by  him  to  a 
problem  having  a similar  mathematical  structure.  An  infinite 
renormalization  of  the  charge  is  necessary  also  in  the  exact 
solution,  in  order  to  make  results  finite.  Work  on  these 
lines  is  still  in  progress. 

On  a more  preliminary  level  some  features  of  the  theory 
of  non-interacting  quantized  fields  have  been  investigated. 
The  correct  definitions  of  the  density  of  number  of  particles 
in  coordinate  space  in  a relativistic  theory  and  the  connec- 
tion with  the  one  particle  theory  and  with  Pryce's  investiga- 
tion on  the  center  of  mass  have  been  established. 

Some  classical  relativistic  nonlinear  equations  have 
been  investigated  in  connection  with  Heisenberg's  theory  of 
multiple  creation  of  mesons.  Relations  have  been  found  be- 
tween the  regions  of  hyperbolicity  of  the  equations  and  the 
regions  of  reality  of  the  associated  energy  momentum  tensor. 
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Harold  Grad  and  collaborators 


Completed  and  published  within  the  last  year: 

(1)  Profile  of  a Plane  Shock  Wave — the  solution  is  given 
for  the  thirteen  moment  equations  and  is  compared 
with  the  results  of  Becker,  Thomas,  Wang  Chang,  and 
Mott-Smith--Communications , Vol.  V,  No.  7>,  Aug.  1952. 

(2)  Statistical  Mechanics  of  Systems  with  Many  Integrals 
--contains  a more  rational  presentation  of  conven- 
tional statistical  mechanics,  shedding  new  light  on 
the  Gibbs  Paradox,  and  extends  the  results  to  sys- 
tems of  many  integrals — Communications,  Vol.  V,  No. 

4,  and  J.  of  Phys.  Chera. , Dec.  1952. 

Completed  and  being  prepared  for  publication: 

(5)  Derivation  of  the  Boltzmann  Equation--more  rigor- 
ously and  In  more  generality  than  has  been  done 
previously--this  clarifies  the  significance  of 
irreversibility  and  ergodicity. 

(4)  Plane  Couette  Flow--aolution  using  thirteen  moment 
equations  valid  for  the  whole  range  zero  to  in- 
finite mean  free  path--awaiting  completion  of 
cylindrical  Couette  flow  [seo  Marian  Rose,  below! . 

Almost  complete: 

(5)  Molecular  Chaos --the  problem  is  formulated  mathe- 
matically and  a proof  given  in  the  general  non- 
equilibrium case. 

(6)  Sound  Disper8ion--work  completed  last  year  is  being 
supplemented  by  boundary  conditions  which  will  make 
experimental  verification  easier. 

Work  continuing  on: 

(7)  Diffusion--a  variety  of  problems  are  accessible. 

(8)  Spherical  polynomials  and  spherical  harmonics  in 
n-dimensions . 
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Significant  results  can  be  expected  In: 

(9)  Proof  of  a general  H- theorem. 

(10)  Theory  of  dense  gases  and  liquids. 

(11)  Specific  gas  dynamical  flows  for  molecules  with  in- 
ternal s true ture--f see  P.  Mostov,  below]. 

R . Goldberg--obtained  locally  Maxwellian  solutions  of  Boltzmann 
equation  with  gravity;  computed  thirteen  moment 
equations  in  general  and  cylindrical  coordinates; 
working  on  slow  flow  around  sphere  with  arbitrary 
mean  free  path. 

Marian  Rose--cylindrical  Couette  flow  for  thirteen  moments; 
major  difficulties  overcome. 

P.  Mostov--obtained  17-moment  equations  for  Boltzmann  equation 
for  rough  spheres;  to  continue  with  more  general 
molecular  models  and  solution  of  specific  problems. 


Philip  M.  Mostov 


In  detail:  Grad's  moment  method  of  solution  of  the 

Boltzmann  equation  was  successfully  extended  by  Mr.  Mostov  to 
a molecular  model  with  rotational  degrees  of  freedora--the 
perfectly  rough,  perfectly  elastic  spherical  molecule.  Em- 
ploying the  rotational  energy  per  unit  mass  and  the  rotational 
heat  flow  vector,  in  addition  to  the  thirteen  moments  used  by 
Grad,  a system  of*  seventeen  equations  in  seventeen  moments 
was  derived.  The  equations  are  capable  of  handling  phenomena 
whose  interesting  behavior  depends  on  rapid  variations  in 
time  or  space,  or  on  the  rotational  and  translational  degrees 
of  freedom  having  different  effective  tempera tures . The  re- 
sults are  more  general  than  those  of  Pidduck's  and  Kohler's 
treatments  by  the  Chapman-Enakog  method,  and  include  their 
results  as  special  cases.  The  equations  are  general  enough 
in  character  to  afford  a more  penetrating  insight  into  the 
conditions  for  which  the  definitions  of  the  usual  macroscopic 
coefficients  are  valid,  and  the  conditions  for  which  various 
time  constants  are  important. 

Values  were  obtained  for  the  shear  viscosity,  volume 
viscosity  and  generalized  heat  conduction  coefficients  (it  is 
possible  to  have  the  translational  and  rotational  tempera- 
tures different  even  in  the  steady  state);  and  for  the  time 
constants  associated  with  the  stresses,  the  translational  and 
rotational  heat  flows  and  the  rotational-translational 
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temperature  difference.  Several  important  special  applica- 
tions which  help  define  the  various  macroscopic  coefficients 
and  time  constants  (and  their  limitations)  ana  which  help  il- 
lustrate the  use  of  the  moment  equations  were  examined. 

The  results  of  this  investigation  were  presented  at  the 
Cambridge  meeting  of  the  American  Physical  Society,  and  are 
being  readied  for  publication  very  shortly. 

Several  fruitful  generalizations,  modifications  and  ap- 
plications contemplated  are: 

1.  Other  types  of  molecular  interactions. 

2.  Consideration  of  the  effect  of  various  parameters 
of  the  investigation  in  ranges  not  usually  treated. 

3.  The  effect  of  the  rotational  degrees  of  freedom  on 
the  thickness  of  the  single  shock  profile,  and  on 

4.  The  dispersion  and  absorption  of  sound  waves,  espe- 
cially at  high  frequencies  or  low  densities. 

5.  The  generalization  of  Grad's  methods  to  quantum 
mechanical  models. 

6.  The  generalization  of  the  equations  to  include  the 
effects  of  radiation  to  and  from  molecules,  and 
their  application  to  problems  in  the  upper  atmos- 
phere, planetary  atmospheres  and  interstellar 
space . 
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E.  Isaacson 


( 1 ) Spherical  Shock  Waves --checked  work  of  C.  worawetz . 

(a)  For  underwater  shocks  the  first  perturbation  term 
(about  Priraakoff,  Taylor  solution)  has  been  explicitly  ob- 
tained. The  perturbation  series  is  probably  an  asymptotic 
one  and  to  evaluate  fully  the  effect  of  the  first  term  it 
will  probably  be  necessary  to  analyze  some  experimental  data. 
We  are  making  efforts  to  locate  this  information. 

(b)  For  shocks  in  air,  the  method  of  determining  the 
first  perturbation  is  worked  out.  But  a great  deal  of  numer- 
ical integration  would  be  involved  if  practical  answers  were 
desired.  We  plan  to  complete  (a)  before  continuing  with  (b). 

(c)  Work  of  Whitham  on  shock  propagation  at  large  dis- 
tances remains  to  be  integrated  with  above  efforts. 

( 2 ) Work  on  finite  difference  methods 

(a)  Completion  of  Courant,  Isaacson,  Rees--On  the  Solu- 
tion of  Nonlinear  Hyperbolic  Differential  Equations  by  Finite 
Differences . 

(b)  Assisted  Milton  Pose,  who  wrote  Ph.D.  thesis  on 
convergence  of  finite  difference  methods  for  second  order  hy- 
perbolic equations.  (He  also  extends  work  of  Bers  to  para- 
bolic equations;  and  has  some  general  remarks  on  mathematical 
basis  of  relaxation  procedure  for  solving  F.D.  equations  of 
elliptic  problems.) 

(c)  Helped  L.  Neraerever,  who  wrote  Ph.D.  thesis  on  F.D. 
methods  for  solving  axially  symmetric  nozzle  flow  problems. 
The  coefficients  of  the  hyperbolic  F.D.E.  are  singular  at  the 
axis.  He  establishes  convergence  for  the  characteristic  ini- 
tial value  problem  (based  on  Y.  W.  Chen's  theorem  on  the 
existence  of  solutions). 


(3)  Work  In  meteorology--helping  J.  J.  Stoker 

(a)  Initial  attack  or.  the  determination  of  the  proper 
mathematical  problem  for  a peculiar  third  order  partial  dif- 
ferential equation  (an  approximation  used  by  Charney  and 
others  for  study  of  long  waves  In  the  upper  atmosphere). 


p _ r d , 7 a 

Dt  5 1 U dx  ^y 

P*  = U 


= v. 


I had  hoped  to  work  with  Sherman  Lowell  on  this  problem. 

(b)  Guiding  G.  Booth  in  his  handling  of  study  of  move- 
ment of  cold  fronts  for  J.  J.  Stoker. 


(4)  Work  In  water  waves--helping  J.  J.  Stoker 

(a)  Guiding  L.  Weliczker  in  work  on  floating  break- 
waters and  in  study  of  the  error  In  shallow  water  approxima 
tlon. 


(5)  Computations . 


Future  outlook 

(1)  Complete  appraisal  of  work  of  C.  Morawetz  on  spher- 
ical waves  and  combine  with  Whitham’s  worK.  (J.  Keller  will 
probably  push  this  now.) 

(2)  Continue  analysis  of  meteorological  problems,  espe- 
cially ( 3a)  . 

(3)  Consider  use  of  finite  difference  methods  for  vari- 
ous versions  of  the  partial  differential  equations  of  meteor- 
ology. 

(4)  Analysis  of  finite  difference  methods  for  symmetric 
hyperbolic  systems--to  follow  work  of  Friedrichs--and  perhaps 
specialize  to  problems  of  Maxwell’s  equations. 
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(5)  Consider  investigation  of  promising  finite  differ- 
ence methods  tried  by  P.  Lax,  which  avoid  separate  considera- 
tion of  shocks  and  other  discontinuities* 

(6)  Investigate  finite  difference  methods  for  parabolic 
equations  with  undetermined  boundaries. 
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F ♦ John 


Numerical  analysis 

Completed  manuscript  started  at  Institute  for  Numerical 
Analysis,  establishing  convergence  of  difference  schemes  for 
solutions  of  linear  and  quasi-1 inear  parabolic  difference 
equations  for  given  initial  values  In  an  unbounded  Interval. 
Proof  that  difference  scheme  converges  and  gives  the  correct 
solution  for  Riemann-integrable  initial  data,  provided  the 
v.  NEUMANN  stability  criterion  Is  satisfied.  (AoDeared  in 
Communications  5 (1952),  pp.  155-211 .) --RITTERMAN  works  on 
thesis  to  establish  similar  results  for  equations  In  a 
bounced  interval,  with  boundary  conditions  prescribed  at  the 
endpoints.  Emphasized  is  the  case  often  occurring  In  appli- 
cations to  diffusion  and  other  problems,  where  the  prescribed 
initial  and  boundary  data  are  not  perfectly  consistent  initi- 
ally, and  hence  singularities  of  the  solution  are  present. 

Incompressible  flows  with  free  boundaries 

The  stimulus  to  this  investigation  was  the  consideration 
of  the  flow  of  the  liner  in  a shaped  charge.  A formal  repre- 
sentation for  the  most  general  analytic  transient  2-dimensional 
flow  of  a heavy  liquid  with  a free  boundary  was  derived,  in 
terms  of  the  general  solution  of  a simple  linear  parabolic 
equation.  This  work  is  related  to  a remark  of  GAT.DNER  and 
HUDSON  on  constructing  flows  by  means  of  solutions  of  para- 
bolic equations,  and  to  a representation  given  by  H.  LEWY  for 
steady  2 -dimensional  floy/s  with  a free  boundary.  (Reported 
at  the  International  Congress  on  Theoretical  and  Applied 
Mechanics  at  Is tanbul .) --Independently  of  this  a special  sim- 
ple 3-dlraensional  flow  was  constructed,  in  which  the  free 
surface  of  the  liquid  is  an  ellipsoid  varying  with  time.  (To 
appear  in  Revue  d’Hydraulogique . ) — SKINNER  is  working  on 
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extending  these  results  and  to  represent  the  general  ?-diraen- 
slonal  transient  flow  with  rotational  symmetry  of  a heavy 
liquid  with  a free  boundary.  This  would  complement  results 
of  LEWY  and  GARABEDIAN,  who  found  an  expression  for  the  gen- 
eral steady  flows  of  this  type.  A number  of  explicit  exam- 
ples of  2-diraensional  flows  were  computed  and  plotted  by  the 
staff. of  the  Institute,  according  to  the  general  formulae 
given. 

Water  waves 

FINKELSTEIN  wrote  a thesis  on  Infinitesimal  waves  of  a 
liquid  of  constant  or  Infinite  depth.  He  constructs  first  of 
all  the  Green's  function  corresponding  to  waves  originating 
from  a momentary  disturbance  at  a point  on  or  below  the  sur- 
face of  the  liquid.  With  the  help  of  this  function  It  Is 
possible  to  analyze  the  behavior  at  Infinity  of  any  transient 
waves  originating  from  dis turbances  In  a bounded  region.  A 
oonsequence  is  a uniqueness  theorem  more  general  than  any  de- 
rived previously,  stating  that  the  motion  of  the  liquid  is 
uniquely  determined  by  initial  conditions  and  by  boundary 
conditions  on  any  obstacles  in  the  liquid  having  a prescribed 
motion.  The  Green’s  function  also  permits  to  reduce  deter- 
mination of  the  liquid  motion  to  an  Integral  equation. 

Hyperbolic  differential  equations 

A thesis  was  written  by  GARDNER  about  problems  arising 
for  the  wave  equation,  in  which  the  solution  depends  only  on 
the  data  in  a portion  of  the  domain  of  dependence  one  would 
have  expected  ordinarily.  This  research  was  stimulated  by 
aerodynamical  problems  involving  flow  past  a thin  airplane 
wing,  but  also  brings  up  a number  of  basic  questions  for  the 
wave  equation,  which  only  recently  have  attracted  attention 
of  a number  of  mathematicians,  e.g.  of  MARCEL  RIES2. 

A study  of  the  Cauchy  problem  for  a hyperbolic  equation 
on  a time-like  manifold  has  been  begun.  Necessary  and 
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sufficient  conditions  for  Cauchj  data  to  be  admissible  on  a 
time-like  plane  have  been  determined  for  the  wave  equation. 
The  conditions  are  of  an  intricate  nature,  involving  analytic 
continuation  of  functions.  Necessary  conditions  have  been 
found  for  the  solvability  of  the  Cauchy  problem  on  time-like 
manifolds  for  the  most  general  types  of  differential  equa- 
tions. (Not  yet  completed.) 

Elliptic  equations 

k n elementary  proof  for  the  existence  of  derivatives  of 
weak  solutions  of  a linear  elliptic  differential  equation  was 
given.  The  method  used  employs  ’’spherical  means,"  a tech- 
nique used  previously  by  the  author.  Results  obtained  paral- 
lel those  given  by  K.  FRIEDRIChS  and  F.  BROADER,  who  proceed 
differently,  but  the  results  obtained  here  are  somewhat 
weaker  than  the  ones  of  those  authors.  (Results  to  appear  in 
the  Communications , and  a shorter  version  also  in  the  Pro- 
ceedings of  the  Conference  on  Partial  Differential  Equations 
at  Arden  House.) 
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J.  B.  Keller 


I .  Research  published  In  journals 

1.  Reflection  and  Diffraction  of  Pulses  by  Wedges  and 
Corners  (with  A.  Blank),  Comm,  on  Pure  and  App. 
Math.,  June  1951,  Vol . IV,  No.  2 

2.  Comment  on  "Channels  of  Communication  in  Small 
Groups,"  American  Sociological  Review,  Vol.  16,  No. 
6,  Dec.  1951,  pp . 842-843 

3.  Parallel  Reflection  of  Light  by  Plane  Mirrors,  Quar- 
terly of  App.  Math,  (in  press) 

4.  Diffraction  of  a Shock  or  an  Electromagnetic  Pulse 
by  a Right-angled  Wedge,  Jour,  of  App.  Physics,  Nov. 
1952,  Vol.  23,  No.  11,  pp.  1267-8 

5.  Reflection  of  Water  Waves  due  to  Surface  Tension  and 
Floating  Matter  (with  E.  Goldstein),  Trans,  of  Am. 
Geophysical  Union  (in  press) 

6.  Finite  Amplitude  Sound  Waves,  Jour,  of  Acoustical 
Soc.  of  Am.  (in  prewO 

7.  On  Bohra’s  Interpretation  of  Quantum  Mechanics,  Phys. 
Review  (in  press) 

8.  Reflection  and  Transmission  Coefficients  for  Water 
Waves  on  Floating  Ice  (with  M.  Weitz),  Comm,  on  Pure 
and  App.  Math,  (in  press) 

9.  Variational  Treatment  of  Water  Wave  Reflection  (ab- 
stract only).  Gravity  Waves  Symposium  Volume,  1952. 

II.  Research  published  in  project  reports 
A.  IMM-NYU 

1.  Instability  of  Liquid  Surfaces  and 

the  Formation  of  Drops  (with 
I.  Kolodner)  

2.  Summary  of  Six  Memos  on  Underwater 

Explosion  of  Atomic  Bombs  

3.  Decay  of  Spherical  Sound  Pulses  due 
to  Viscosity  and  Heat  Conduction 


June  1952 
June  1952 
Aug.  1952 
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4.  Decay  of  Droplets  by  Evaporation  and 
Growth  by  Condensation  (with 

I.  Kolodner , P.  Ritger) 1952 

5.  Thin  Unstoadv  Heavy  Jets  (with 

M.  Weltz ) . . 1952 

6.  Planar,  Cylindrical  and  Spherical 

Flows  of  a Compressible  Fluid 1952 

7.  Geometrical  Acoustics  I:  The  Theory 

of  Weak  Shocks 1952 

8.  Underwater  Explosion  Bubbles  I.  The 

Effect  of  Compressibility  of  the  in 

Water  (with  I.  Kolodner) press 

9.  Underwater  Explosion  Bubbles  II.  The 

Effects  of  Gravity  on  Bubble  Shape  in 

(with  I.  Kolodner) press 


B.  Washington  Square  College  Mathematics 
Research  Group 


1.  On  Systems  of  Linear  Ordinary 
Differential  Eq  iations  (with 

H.  Keller)  July  1951 

2.  Parallel  Reflection  of  Light  by 

Plane  Mirrors Oct.  1951 

3.  On  Slightly  Non-circular  Wave- 
guides (with  H.  Keller) 1952 

& 

4.  Diffraction  of  a Shock  or  an 
Electromagnetic  Pulse  by  a 

Right-angled  Wedge  1952 


5.  On  the  Scope  of  the  Image  Method  . . in  press 
C.  Unpublished 

1.  Factorization  of  Matrices 

2.  The  Field  on  a Caustic  (with  I.  Kay) 

3.  On  the  Direction  of  the  Force  of  Sliding  Friction 


•» 


Also  published  in  Journals. 
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4.  Derivation  of  the  Meteorological  Equations  (with 
L.  Ting)  [to  be  revised] 

5.  Bowing  of  Violin  Strings 
III . In  progress 

A.  Asymptotic  Solution  of  Partial  Differential  Equa- 
tions (with  I.  Kay,  E.  Bauer) 

1.  Diffraction  thru  Apertures 

2.  Derivation  of  Geometrical  Optical  Theory  of  Water 
Waves 

7.  Derivation  of  the  3ohr -Sommer f eld  Quern  turn  Theory 

4.  Calculation  of  Field  on  Caustics  and  Foci 

5.  Diffraction  at  an  Interface 

6.  Analysis  of  Diffracted  Rays  and  -Wavefronts  by 
Geometrical  Optics 

B.  Formation  and  Behavior  of  Aerosols  (with  I.  Kolodner, 

P.  Ritger,  M.  Jordan) 

1.  Exact  solution  for  a single  drop  evaporating 

2.  Exact  and  approximate  solution  for  a drop  evap- 
orating In  a spherical  container,  and  for  many 
drops 

7.  Formation  of  drops  from  a plane  viscous  sheet  of 
fluid  and  from  a non-vlscous  spherical  sheet 

C.  Scattering  of  Electromagnetic  Waves  (with  H.  Keller) 

1.  Reflection  from  rough  surfaces  . . 

2.  Inversion  of  matrices  in  multiple  scattering 
problems 

D.  Spherical  Waves  (I.  Kolodner,  G.  Whitham,  C.  Morawetz ) 

1.  Weak  Spherical  Shocks  and  Kirkwood -Be the  Theory-- 
by  G.  Whitham  (in  press) 

2.  Perturbation  of  the  Strong  Shock  Solution--by 
C.  Morawetz  (in  press) 

3.  Reflection  and  diffraction  of  shocks  at  the 
ground,  and  in  heated  layers 
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Ignace  I.  Kolodner 


1 . Research  on  Underwater  Explosions 

The  new  method  developed  (In  summer  1951)  to  handle  the 
problem  of  motion  of  underwater  gas  globes  without  artificial 
restrictions  on  their  shape  has  been  extended  to  properly  ac- 
count for  the  influence  of  a bottom  at  finite  depth  and  of 
the  free  water  boundary.  The  theoretical  part  is  now  com- 
plete and  Miss  Reisraan  has  done  3ome  computation  for  a spe- 
cial case  suggested  by  A.  B.  Arons  to  compare  our  predictions 
with  his  experimental  data. 

A second  phase  of  this  piece  of  research  which  concerns 
itself  with  the  influence  of  obstacles  is  now  well  advanced, 
but  not  completed.  Work  on  it  has  been  interrupted  for  a 
while . 

An  oral  report  on  the  first  part  was  given  in  an  address 
at  the  Conference  on  Undex,  sponsored  by  the  Bureau  of  Ships 
(December  1951),  and  the  subject  was  discussed  again  in  a 
seminar  lecture  at  the  Brooklyn  Polytechnic  Institute  (March 
1952) . 

Preparation  for  the  publication  of  these  results  has 
been  delayed  until  the  second  phase  is  completed.  It  is  in- 
tended to  present  in  a future  publication  (with  Joseph  B. 
Keller)  a full  revision  of  existing  theories  on  the  subject. 

2 . Research  on.  Aerosols  and. Sprays 

The  initial  stage  of  study  of  drop  formation  may  be  now 
considered  complete.  In  addition  to  the  initial  report,  two 
other  reports  on  the  subject  were  published: 

(1)  (with  J.  B.  Keller)  Instability  of  Liquid  Surfaces 
and  the  Formation  of  Drops  (June  1952,  IMM-NYU  182) 

(2)  (with  J.  B.  Keller  and  P.  Ritger)  Decay  of  Drop  by 
Evaporation,  and  Growth  by  Condensation  (July  1952, 
I MM -NYU  185). 
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The  first  of  the  above  discusses  the  production  of  drops 
by  breakup  of  an  accelerated  plane  layer  of  liquid.  Mr.  Whitham 
took  over  this  part  and  now  studies  the  case  of  an  accelerated 
spherical  layer.  The  second  report  gives  an  approximation  to 
the  solution  of  the  evaporating  droplet  problem.  Mr.  Ritger 
is  now  applying  the  methods  used  in  this  report  to  the  case 
involving  a finite  number  of  drops. 

A Justification  of  the  method  used  in  the  latter  report 
is  now  completed  and  is  in  the  write-up  stage.  This  includes 
a proof  of  existence  and  uniqueness  of  solutions  of  the  heat 
flow  equation  with  moving  boundary.  A problem  of  similar 
structure  was  considered  two  years  ago  by  G.  Evans.  The  pres- 
ent method  of  proof  has  the  following  advantages  over  the 
techniques  used  by  Evans: 

(1)  The  proof  is  constructive  and  is  easily  generalized 
to  more  complicated  cases. 

(2)  It  leads  to  a sharp  majorant  and  minorant  for  the 
unknown  boundary  function,  thus  eliminating  the  need  for 
numerical  computations  in  all  practical  cases. 
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Peter  D.  Lax 


Spectral  Theory  (with  J.  Berkowitz) 

Proved  that  elliptic  operators  of  second  order  over  a 
compact  domain  of  n space  have  a complete  set  of  eigenfunc- 
tions, under  the  first,  second  or  third  boundary  condition. 

The  eigenfunctions  satisfy  the  boundary  conditions  in  a gen- 
eralized sense  only,  and  generalized  eigenfunctions  have  to 
be  admitted  (if  the  index  of  an  eigenvalue  is  greater  than 
one ) . 

Pursuant  to  the  work  of  Browder  (and  Garding)  we  were 
able  to  extend  this  result  to  higher  order  elliptic  operators 
using  the  same  method,  which  is  to  analyze  the  resolvent  as  a 
raeromorphic  function  in  the  complex  plane.  Similar  results 
were  obtained  by  Browder,  using  different  methods.  In  find- 
ing the  requisite  estimates  we  relied  on  the  half boundedness 
of  elliptic  operators  (under  the  first  boundary  condition). 

Hyperbolic  Differential  Equations 

The  width  of  the  domain  of  existence  of  an  initial  value 
problem  U(x,o)  = J>(x)  for  a hyperbolic  system  U.  + AO  + B = 0 
depends  on  the  norm  of  i,  i.e.  on  upper  bounds  for  the 
first  derivatives  of  the  initial  values  of  all  the  unknowns  U. 
I found  that  in  some  exceptional  cases  the  range  of  t depends 
only  on  upper  bounds  for  n - 1 of  the  unknowns  (there  is  a 
corresponding  simplification  in  the  manner  of  dependence  of 
the  solution  on  the  initial  values).  Important  examples  of 
such  exceptional  systems  are  the  equations  of  one-dim&psional 
time -dependent  flow  with  variable  entropy,  and  two-dimensional 
steady  rotational  supersonic  flow.  In  the  first  case,  e.g., 
the  range  of  t for  which  the  solution  will  exist  as  a continu- 
ous flow  depends  on  upper  bounds  for  the  initial  values  of  ux 
and  px  but  not  on  the  derivative  of  the  second  thermodynamic 
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variable.  From  this  result  I was  able  to  deduce  that  flows 
with  contact  discontinuities  are  limits  of  continuous  flows. 

The  exceptional  case  is  characterized  by  this  condition: 
let  d denote  one  of  the  eigenvalues  of  A;  d = d(x,t,U)  de- 
pends on  the  variables  since  A does.  Denote  by  E(x,t,U)  the 
corresponding  right  eigenvector.  The  system  is  exceptional 
if  the  gradient  of  d with  respect  to  U is  orthogonal  to  E, 
and  in  this  way  it  is  possible  to  obtain  discontinuous  solu- 
tions as  limits  of  continuous  ones;  the  line  of  discontinuity 
will  be  a characteristic  curve  with  slope  d. 

Hyperbolic  Equations  in  more  them  one  space  variable 

Tht>  abstract  theorem  which  states  that  if  a transforma- 
tion T is  bounded  with  respect  to  a Banach  norm,  and  symmet- 
ric with  respect  to  a Hilbert  norm,  then  it  is  bounded  with 
resDect  to  the  Hilbert  norm  (provided  that  the  scalar  product 
is  continuous  in  the  Banach  norm)  throws  new  light  on  the 
role  of  the  norm  for  the  initial  value  problem.  One  can 
show  namely  with  its  aid  that  if  having  a finite  norm  with 
respect  to  any  Banach  norm  is  a continuable  (or  persistent) 
property  of  the  initial  values,  then  having  a finite  is 

also  a persistent  property.  The  reasoning  applies  not  only 
to  symmetric  hyperbolic  systems  but  to  general  hyperbolic 
systems,  investigated  by  Petrowsky,  as  well. 

Second  Order  Equations 

I have  shown  that  the  initial  value  problem  U = <J> , 

Uj.  = (p  for  the  equation 


°tt  * -AU 

can  be  solved  provided  that  A is  of  the  form  A + N,  where  A 
is  a self-adjoint  operator  bounded  from  below,  (u,Au)  > (u,u), 
and  N is  bounded  with  respect  to  the  norm  induced  by  A,  i.e. 
|?Nu|^<  const.  (u,Au).  This  theorem  includes  many  known 
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concrete  results;  Its  proof  relies  on  the  Hille-Yosida  theo- 
rem, operating  with  the  norm  = (4>,Ai)  + {Ip  , ip) . 

Fourth  Order  Elliptic  Operators  (with  Paul  Berg) 

The  alternative  for  the  solubility  of  the  first  boundary 

value  problem  (u  and  prescribed)  was  demonstrated  for 

o n 

fourth  order  operators  which  are  the  products  of  second  order 
operators  L and  M,  having  the  same  principal  part.  The 
method  consists  of  reducing  the  statement  of  the  alternative 
to  this  geometric  statement  about  the  nullspaces  £ and  VP, 
of  the  operators  L and  M:  The  protection  of  Into  7Yc 

(under  the  scalar  product)  covers  all  but  a finite  dimen- 

sional component  of  , whose  dimension  Is  equal  to  the  di- 
mension of  those  elements  In  ^ which  are  orthogonal  to  o t, . 

The  reduction  Is  brought  about  by  Interpreting  the  dif- 
ferential equation  and  the  boundary  condition  in  their  inte- 
gral (weak)  form. 

Blharmonlc  Equation  (with  Paul  Berg) 

In  connection  with  a problem  of  the  theory  of  elastic- 
ity, Friedrichs  conjectured  that  all  solutions  of  the  bihar- 
monic equation  in  a halfstrip  0 < x < 1,  0 < y whose  boundary 
j u 

data  u and  -rr—  are  zero  on  the  sides  x = 0,  x * 1,  0<y,  de- 
o n “ 

cay  exponentially.  We  proved  this  conjecture  with  the  aid  of 
the  concepts  and  methods  of  the  theory  of  semigroups,  the 
semigroup  considered  being  formed  by  the  transformations  T(y) 
mapping  the  data  u,  u at  y = 0 into  their  values  at  y.  The 

J 

starting  point  of  these  investigations  was  R.  Phillips'  work 
on  the  spectral  theory  of  semigroups;  in  the  course  of 
events  we  found  that  for  semigroups  whose  elements  T(y)  are 
completely  continuous  the  results  of  Phillips--the  spectral 
mapping  theorem — are  particularly  simple  (this  class  of  semi- 
groups is  included  among  the  ones  studied  by  Phillips).  In 
particular  we  find  the  largest  value  of  A such  that  every 
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solution  of  the  above  descr lotion  of  th«  biharmonic  equation 

- Av 

in  the  strip  is  less  than  const,  e J,  namely  the  minimum  of 
the  real  part  of  those  roots  of  the  transcendental  equation 
sin  A = +A  whose  real  part  is  positive. 


Numerical  Integration  of  Partial  Differential  Equations 

Finite  difference  schemes  for  the  initial  value  problem 
for  a single  first  order  equation:  = aux  + bu, 

U(x,o)  = <J> ( x ) were  investigated;  attention  was  restricted  to 
those  schemes  for  which  u(x,t+h)  was  expressed  as  linear  com- 
bination of  values  of  u at  one  step  back,  t.  It  was  shown 
that  schemes  that  are  stable  in  the  sense  of  von  Neumann  are 
convergent,  even  if  the  coefficients  a and  b are  variable. 

The  estimates  nec  ssary  for  the  proof  were  made  in  the  maxi- 
mum norm;  the  method  of  the  proof  bears  a strong  resemblance 
to  Fritz  John’s  method  for  parabolic  equations. 


Shock  Calculations 


In  work  performed  for  the  Los  Alamos  Scientific  Labora- 
tory a new  scheme  was  devised  for  calculating  shocks.  The 
method  resembles  an  earlier  one  proposed  by  von  Neumann 
(later  modified  by  Richtmyer  and  von  Neumann)  in  that  it  is  a 
straightforward  numerical  integration  scheme.  Its  new  fea- 
tures are:  (i)  using  the  hydrodynamic  equations  as  they  ap- 

pear as  conservation  laws,  (ii)  using  a forward  difference 
scheme . 

Experimental  calculations  performed  on  the  equation 
ufc  + uux  * ® and  the  hydrodynamic  equations  at  the  Los  Alamos 
Scientific  Laboratory  indicate  that  the  method  works. 


Potential  Theory 

A simple  Droof  is  given  for  the  existence  of  Green’s 
function  for  domains  with  smooth  boundaries  with  the  aid  of 
the  Hahn-Banach  theorem  (published  in  the  Proceedings  of  the 
American  Mathematical  Society) . 
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S . C . Lowell 


(1)  A major  endeavor  was  to  Investigate  the  possibility 
of  deriving  the  "equations  of  large-scale  dynamical  meteoro- 
logy" from  the  full  hydrodynaraical  equations  for  a baroclinic, 
adiabatic  atmosphere  on  a rotating  earth  by  means  of  a param- 
eter expansion  in  terms  of  the  Rossby  number.  The  Rossby 
number,  which  is  defined  as  U/P.L  where  U is  a characteristic 
flow  velocity,  O.  is  the  basic  rotational  velocity  and  L is  a 
characteristic  length  scale,  apparently  is  the  most  important 
dimensionless  physical  parameter  characterizing  large-scale 
atmospheric  waves  in  middle  latitudes.  Although  a much 
deeper  understanding  of  the  basic  mathematical  structure  of 
meteorology  was  obtained,  only  limited  success  can  be  claimed 
in  the  attempt  to  derive  an  analog  for  meteorology  of  the 
shallow  water  theory  for  incompressible  fluids.  It  appears 
that  the  equations  currently  being  used  by  dynamical  meteor- 
ologists contain  terms  of  different  order  in  any  possible 
Rossby  number  expansion.  Further  research  on  this  topic  is, 
however,  worth  carrying  out  and  it  will  be  continued  during 
the  current  year. 

(2)  The  study  of  atmospheric  discontinuity  surfaces, 
such  as  "fronts"  and  "tropopauses,"  has  also  received  consid- 
erable attention.  These  surfaces,  like  shock  fronts  In  gas 
dynamics,  seem  to  be  fundamental  In  atmospheric  processes, 
yet  their  role  is  not  clearly  understood.  Only  stationary 
frontal  surfaces  have  been  discussed  In  any  detailed  manner. 
Hence  I have  been  investigating  the  differential  geometry  of 
accelerated  discontinuity  surfaces  and  the  linkage  which  they 
bring  about  between  the  warm  and  cold  air  masses  surrounding 
them.  This  work,  which  is  quite  general  in  its  approach, 
will  combine  with  that  of  Stoker,  Whithara  and  Yanowitch, 
which  involves  many  specific  assumptions  but  permits  a deeper 
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analysis  of  the  nonlinear  effects  at  fronts,  to  give  a well 
rounded  understanding  of  frontal  phenomena. 

(3)  The  Air  Force  Cambridge  Research  Laboratories  have 
been  testing  numerical  weather  prediction  techniques.  I was 
able  to  assist  them  in  one  phase  of  this  work  with  advice  on 
analytical  and  numerical  procedures  which  are  now  being  used. 
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Cathleen  S.  Morawetz 


1 . Spherical  Shocks 

It  has  been  known  that  the  problem  of  finding  the  flow 
behind  a spherical  expanding  shock  of  Infinite  strength  and 
constant  energy  can  be  solved  In  terms  of  solutions  of  ordi- 
nary differential  equations  in  the  case  of  polytropic  gases 
(Taylor)  and  explicitly  for  water  (v  = 7)  (Primakoff). 
Treating  the  pressure  ahead  of  the  shock  as  a small  param- 
eter, I have  been  able  to  find  the  first  order  terras  in  the 
expansion  of  the  flow  quantities  in  terms  of  solutions  of 
ordinary  differential  equations  and  explicitly  for  ^ = 7. 

At  present  I am  trying  to  check  the  results  for  water 
against  experiments,  but  so  far  I have  not  succeeded  in  find- 
ing experimental  results  for  sufficiently  strong  shocks.  I 
have  also  studied  detonations  in  a similar  way,  treating  the 
energy  of  formation  as  a small  parameter.  In  addition  I have 
been  correcting  ray  earlier  work  on  contracting  shock  waves. 

2 . Transonic  Flow 

I have  shown 

(1)  A limiting  line  cannot  appear  In  continuous  mixed 
flows  depending  continuously  on  a parameter--either  the  Mach 
number  at  infinity  or  representing  a changing  profile. 

(2)  Continuous  mixed  flow  past  a profile  on  which  the 
curvature  vanishes  somewhere  in  the  supersonic  region  cannot 
exist  if  the  curvature  of  the  streamlines  is  bounded. 

(3)  If  F(</>,y)  - x = 0 is  an  implicit  solution  of 

t 

ip—  - K(y )ip—  ~ 0 then  F satisfies  the  Monge-Ampere  equa- 
yy  ' ** 

ti  on, 

- p^y  ■ -K(y>- 
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(4)  H = (jj~  G(9)  i!)  (y,x+9)d0  are  general  solutions  of 
H - K(y)H  = 0 li  il>  Is  a particular  solution  of 

/ y ^ * 

0 - K(y)0  = 0 and  G(0)  Is  analytic.  I have  tried  to 

y y ' ajc 

use  these  solutions  to  construct  profiles  and  corresponding 

mixed  flows  but  without  success,  since  I need  some  singular 

solution  of  0 - K(y)0  = 0 to  start  with.  This  was  es- 

yy  xjc 

sentially  the  method  of  Tomatika  and  Tamada  for  a special 
choice  of  K (y ) . 

(5)  Uniqueness  theorem  for  Tricomi  gap  problem.  (!)  s 0 


elliptic  i hyperbolic 


V(  < 0.  Ip  - 0 on  C under  the  following  assumptions: 

(a)  Ip  has  continuous  derivatives  In  15  where  D is  the 
closed  region  bounded  by  C and  the  two  characteristics  and 

B2  * 

(b)  For  y < 0,  > o for  6 £ 0. 

(c)  For  V0  > 0,  ^ ~ on  C. 

L aei  - yK 
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A . S.  Peters 


Work  was  done  on  the  problem  of  waves  cn  the  surface  of 
a body  of  water  bounded  by  a vertical  sided  cove  or  a wedge- 
shaped  region  where  diffraction  phenomena  can  occur.  The 
problem  is  in  some  sense  a generalization  of  the  Sommerfeld 
radiation  problem.  The  mathematical  analysis  has  been  com- 
pleted, but  it  needs  to  be  revised  before  publication. 

Under  the  assumption  that  the  motion  of  a thin  ship  is 
caused  by  its  propeller  thrust,  it  was  found  that  the  problem 
could  be  solved  by  a perturbation  method  when  the  course  of 
the  ship  is  normal  to  a sinusoidal  sea.  Expressions,  involv- 
ing wave  resistance  integrals,  were  found  for  the  pitching 
angle,  the  heave  and  the  surge.  Since  the  analysis  and  re- 
sults clarify  some  misconceptions,  they  should  be  of  interest 
to  naval  people.  We  would  like  now  to  solve  the  problem  in 
the  case  where  the  co’irse  of  the  ship  is  oblique  to  the  wave 
fronts.  This  involves  the  solution  of  an  integral  equation 
and  other  aspects  which  are  now  under  study. 
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Harold  N . Shapiro 


I . Publications  submitted  or  appeared 

(a)  On  the  Changes  of  Sign  of  a Certain  Error  Function 
(with  P.  Erdos),  Canadian  Journal  of  Math. 

(b)  On  Iterates  of  Arithmetic  Functions  and  the  Se- 
quence of  Primes  (submitted  to  Pacific  Journal). 

(c)  On  Distribution  of  Square-free  Integers  In  Small 
Intervals  (with  R.  Bellman),  Preliminary  report  to  appear  In 
Proc . Nat.  Acad,  of  Science. 

(d)  The  Existence  of  Distribution  Functions  for  Arith- 
metic Error  Functions  (in  preparation)  (with  P.  Erdos). 

II . Pro.lect  work 

(a)  Worked  with  Professor  Friedrichs  on  his  Ideas  con- 
cerning the  construction  of  a "suitable"  integration  operator 
in  Hilbert  space. 

(b)  Worked  with  Mr.  Forman  on  abstract  prime  number 
theorems,  a portion  of  which  work  constitutes  Mr.  Forman's 
thesis  for  the  Ph.D.  degree. 
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J.  J.  Stoker 


The  problems  In  which  J.  J.  Stoker  and  a group  collabor- 
ating with  him  have  been  most  interested  during  the  past  year 
and  a half  concerned:  (1)  gravity  waves  in  water,  (2)  elas- 

ticity, (3)  meteorology,  (4)  nonlinear  vibrations.  A summary 
of  the  work  in  each  follows , 

1 . Water  waves 

A.  S.  Peters  and  J.  J.  Stoker  have  been  working  on  the 
theory  of  the  waves  created  by  a moving  ship  under  the  most 
general  hypotheses  which  still  permit  a linear  theory.  The 
ship  is  assumed  to  be  a floating  rigid  body  (with  six  degrees 
of  freedom)  moving  under  the  action  of  a prescribed  propeller 
thrust  in  an  arbitrary  sea-way.  The  theory  is  obtained  by  a 
formal  development  with  respect  to  a parameter  which  is  es- 
sentially the  breadth-length  ratio  of  the  ship;  a linear 
theory  results  when  only  the  lowest  order  term  in  such  a de- 
velopment is  retained.  This  procedure  yields  the  same  theory 
as  that  derived  by  Michell,  and  used  so  extensively  by 
Havelock,  when  one  takes  the  same  simple  special  case,  i.e. 
the  case  of  a hull  held  fixed  in  space  while  the  water  streams 
past,  and  all  disturbances  are  assumed  to  die  out  at  oo . The 
procedure  used  by  us  clarifies  some  points  even  in  this  sim- 
ple case,  and  permits  at  least  a formally  consistent  theory 
in  much  more  complicated  cases.  (It  might  be  added  that  we 
failed  to  get  a consistent  theory  when  we  tried  to  operate 
without  a formal  development.)  The  resulting  theory  is  com- 
plicated, but  solutions  are  feasible.  In  some  fairly  compli- 
cated cases  even  explicit  solutions  are  possible,  for  example 
the  case  of  steady  motion  of  a ship  under  a constant  propeller 
thrust  in  a straight  course  against  waves  moving  at  right 
angles  to  the  course;  in  this  case  the  trim,  rise  of  the  cen- 
ter of  gravity,  forward  speed,  and  pitching  amplitude  can  be 
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obtained  explicitly  although  it  is  necessary  to  evaluate  a 
number  of  integrals  of  the  type  of  the  Michell  integral. 

When  rolling  motion  occurs  it  appears  that  an  integral  equa- 
tion must  first  be  solved  before  the  parameters  fixing  the 
motion  of  the  ship  can  be  obtained. 

A.  S.  Peters  has  completed  the  solution  of  wave  diffrac- 
tion problems  when  the  obstacles  are  of  the  form  of  vertical 
wedges  of  any  angle;  in  particular,  in  the  case  of  a barrier 
in  the  form  of  an  infinite  half -plane,  the  result  is  a new 
method  of  solution  of  the  classical  Soramerfeld  diffraction 
problem.  In  this  same  general  area  S.  Ciolkowski  is  working 
on  the  problem  of  finding  the  point  spectrum  for  waves  on 
sloping  beaches  by  generalizing  the  method  of  Peters  for  the 
continuous  spectrum.  J.  J.  Stoker  has  worked  out  the  solu- 
tion to  the  problem  of  the  waves  created  in  a uniform  stream 
of  velocity  U and  finite  depth  h when  a disturbance  is 

created  at  t * 0 and  maintained  for  all  t > 0.  As  t — ► ao 

2 

a steady  state  exists  and  can  be  found,  except  when  U = gh, 
when  the  disturbance  velocities  tend  to  become  infinite 
everywhere.  This  approach  makes  understandable  the  rather 
paradoxical  results  in  the  literature  which  arise  when  the 
steady  state  is  treated  by  imposing  radiation  conditions  at 
cd  of  the  Soramerfeld  type  (which  are  not  needed  in  treating 
the  unsteady  motion) . 

A report  by  B.  Fleishman,  J.  J.  Stoker,  and  L.  Wellczker 
on  floating  breakwaters  in  shallow  water  has  been  completed. 

A theory,  along  the  lines  of  the  linear  long  wave-shallow 
water  theory,  has  been  devised  (by  Stoker)  that  is  general 
enough  to  include  practically  any  type  of  breakwater.  The 
theory  is  then  applied  (by  Fleishman)  to  the  case  of  floating 
rigid  bodies,  and  (by  Wellczker)  to  floating  breakwaters  in 
the  form  of  structures  with  bending  flexibility  (i.e.  beams). 
In  both  cases  the  reflection  and  transmission  coefficients 
were  determined  for  progressing  waves  with  normal  incidence. 
The  results  for  floating  beams  were  calculated  using  design 
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data  furnished  by  J.  Carr  of  the  California  Institute  of  Tech- 
nology, who  has  conducted  experiments  with  the  object  of  test- 
ing the  practical  feasibility  of  such  structures  to  provide 
breakwaters--for  landing  operations,  say.  The  calculations, 
which  were  extremely  tedious  and  complicated  for  the  case  of 
the  beam,  led  to  results  that  had  both  positive  and  negative 
features  but  whicn  indicated  the  direction  in  which  the  de- 
sign should  be  changed  for  improved  performance.  L.  Weliczker 
has  also  studied  the  accuracy  of  the  approximate  theory  in 
two  ways:  by  comparing  with  exact  results  in  a special  case 

that  can  be  worked  out  explicitly,  and  by  extending  the  ap- 
proximate theory  to  the  terms  of  next  higher  order  (essenti- 
ally in  the  depth-wave  length  ratio).  The  latter  study  is 
still  in  progress. 

A doctor's  thesis  has  been  completed  (under  the  supervi- 
sion of  F.  John)  by  A.  Finkel stein  in  which  uniqueness  the- 
orems for  unsteady  motions  in  unbounded  bodies  of  water  are 
derived.  Included  are  cases  in  which  bounded  rigid  bodies 
are  immersed  in  the  water.  The  principal  tool  used  was  a 
time -dependent  Green’s  function,  which  was  determined  expli- 
citly and  which  had  such  properties  at  oo  as  to  permit  show- 
ing the  existence  of  the  energy  integral.  Another  doctor's 
thesis  (under  the  supervision  of  Stoker  and  Friedrichs)  has 
been  completed  by  H.  Rubin  on  the  problem  of  progressing 
waves  in  the  presence  of  a finite  dock.  Many  unsuccessful 
attempts  to  solve  this  problem  explicitly  have  been  made. 

Rubin  does  not  solve  the  problem  explicitly,  but  obtains 
rather  an  existence  theorem.  His  approach  is  to  formulate  an 
appropriate  minimum  problem  and  to  solve  it  by  using  direct 
methods  of  the  calculus  of  variations.  Here,  it  is  essential 
not  to  work  with  the  velocity  potential  i (since  the  energy 
Integral  does  not  exist),  but  rather  with  the  function 
Ip  - - & (the  operator  that  occurs  in  the  free  surface 

condition)  and  to  obtain  a minimum  problem  for  ip  . 
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All  of  the  above  researches  refer  to  linear  theories  and 
thus  to  waves  of  small  amplitude.  Work  is  also  in  procrrecs 
on  problems  in  which  the  approximation  implied  in  using  lin- 
ear theories  is  not  sufficient.  One  phase  of  this  work  is 
being  carried  out  by  A.  Troesch,  who  is  working  on  the  prob- 
lem of  breaking  of  waves  and  all  led  problems  by  using  higher 
order  nonlinear  shallow  water  theories,  somewhat  along  the 
lines  of  approximate  theories  proposed  long  ago  by  Boussinesq. 
Tho  object  is  to  try  to  find  out  when  and  why  breaking  occurs, 
and  what  essential  factors  condition  it.  The  problem  has 
mathematical  features  of  interest  since  it  leads  to  nonlinear 
differential  equations  of  unconventional  types  which  ought  to 
be  studied  from  various  points  of  view--including  numerical 
analysis  by  finite  differences,  or  otherwise,  for  example. 

K.  0.  Friedrichs  has  invented  an  iteration  scheme  for  attack- 
ing the  famous  old  problem  of  the  solitary  wave  which  it  is 
hoped  will  converge  to  yield  the  existence  of  such  a wave. 

The  idea  is,  essentially,  to  start  with  the  aoproximate  solu- 
tion furnished  by  the  nonlinear  shallow  water  theory  and 
iterate;  the  small  parameter  with  respect  to  which  the  devel- 
opment takes  place  is  then  not  the  amplitude  but  rather  the 
ratio  of  a significant  curvature  of  the  free  surface  to  the 
undisturbed  depth  of  the  water.  The  details  are  being  car- 
ried out  by  D.  H.  Hyers,  who  is  on  leave  from  the  University 
of  Southern  California  and  is  visiting  our  Institute. 

During  the  past  eight  months  J.  J.  Stoker  has  been  occu- 
pied principally  with  writing  a book  covering  the  whole  theory 
of  gravity  waves  in  water.  The  lengthiest  and  most  difficult 
part  of  the  book  is  finished  (i.e.  the  part  concerned  with 
waves  of  small  amplitude  as  treated  by  potential  theory) . 

The  book  should  be  completed  in  the  course  of  1953. 

2.  Meteorology 

Some  progress  has  been  made  in  this  field  since  the  last 
report,  but  the  number  of  people  interested  in  the  problems 
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has  decreased  considerably.  Our  Interest  has  been  confined  to 
problems  relating  to  large-scale  perturbations  in  the  motion 
of  the  prevailing  westerlies  in  middle  latitudes.  We  began 
by  trying  to  derive  approximating  differential  equations  from 
the  exact  hydrodynamical  equations  by  means  of  a formal  devel- 
opment with  respect  to  an  appropriately  chosen  parameter.  As 
stated  in  the  previous  report,  such  a development  (of  a type 
similar  to  the  nonlinear  shallow  water  theory  for  gravity 
waves)  was  obtained  by  Keller  and  Ting.  The  resulting  dif- 
ferential equations  were  much  like  those  derived  by  Charnev 
and  Thompson  on  the  basis  of  many  ad  hoc  assumptions.  Unfor- 
tunately these  equations,  while  correct,  were  shown  by  Lowell 
to  yield  only  results  of  a rather  uninteresting  character. 
Lowell  has  made  strenuous  efforts  to  carry  out  a formal  de- 
velopment in  other  ways,  but  it  seems  to  be  very  difficult  to 
guess  the  right  form  for  the  development,  and  this  is  perhaps 
rot  to  be  wondered  at  since  the  development  doubtlessly  has 
asymptotic  rather  than  convergent  character  and  thus  might 
just  as  well  proceed  in  fractional  powers  of  the  parameter, 
or  in  logarithmic  terms,  for  example.  Isaacson  and  Lowell 
have  given  some  study  to  the  nonlinear  differential  equation 
of  Charney  which  serves  as  a basis  for  numerical  prediction 
at  Princeton,  and  have  uncovered  some  interesting  facts  con- 
cerning the  mathematical  theory  of  the  equation. 

J.  J.  Stoker  has  undertaken  the  study  of  a quite  differ- 
ent problem,  i.e.  the  problem  of  the  motion  of  cold  and  warm 
fronts.  Up  to  now  only  linear  perturbations  of  the  discon- 
tinuity surface  between  a wedge  of  cold  air  and  the  overlying 
warm  air  appear  to  have  been  studied.  Although  such  studies 
have  proved  to  be  quite  valuable — for  example,  in  determining 
stable  and  unstable  motions  with  respect  to  wave  length  of 
the  perturbations  — it  is  clear  from  a glance  at  any  weather 
map  that  the  actual  motion  of  the  fronts  develops  amplitudes 
so  large  and  departs  so  widely  from  sinusoidal  form  that  a 
linear  theory  cannot  possibly  furnish  a good  approximation  to 
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these  unsteady  motions.  Stoker  has  derived  a nonlinear  the- 
ory based  on  the  exact  hvdrodynamical  equations  which  is  rem- 
iniscent of  the  nonlinear  shallow  water  theory  in  the  sense 
that  the  vertical  coordinate  is  eliminated  through  the  use  of 
the  hydrostatic  pressure  relation  in  the  same  way  as  was  done 
by  Freeman  for  certain  purely  two-dimensional  motions  in  the 
atmosphere.  The  result  is  a set  of  differential  equations 
which  is  still  unmanageable  from  a computational  point  of 
view,  principally  because  there  are  three  independent  vari- 
ables--the  time  and  two  space  variables.  From  this  point  on 
two  different  approaches  to  the  solution  of  the  resulting 
equations  have  been  devised.  One  of  these,  by  Whitham,  in- 
volves essentially  the  3xact  solution  of  the  equations  in 
each  vertical  plane  parallel  to  the  front,  so  that  hyperbolic 
equations  in  two  variables  only  must  be  integrated,  the  sec- 
ond space  variable  playing  the  role  of  a parameter;  after- 
wards the  dependence  on  the  latter  variable  is  determined  by 
integrating  a first  order  partial  differential  equation. 

This  approach  gives  quite  good  qualitative  results,  which  are 
in  accord  with  the  observations.  It  has  the  aisadvantage 
that  even  a numerical  integration  is  made  impossible  because 
of  a strange  difficulty  at  any  cold  front:  the  situation 

here  corresponds  to  what  would  be  the  propagation  of  a shock 
into  a vacuum  or,  bstter,  to  the  propagation  of  a core  In 
shallow  water  down  the  dry  bed  of  a stream,  and  these  motions 
are  mathematically  impossible  to  deal  with  unless  provision 
for  a resistance  force,  or  turbulence,  or  both,  is  made  in 
some  wav--and  we  seem  to  have  no  good  way  to  do  such  things. 

A different  approach  to  the  Integration  of  the  aporoximate 
differential  equations  has  been  devised  by  Stoker.  The  basic 
idea  is  to  get  rid  of  one  of  the  two  remaining  space  vari- 
ables by  making  assumptions  which  have  the  effect  of  yielding 
a "shallow  water  theory"  for  a horizontal  direction,  and  thus 
one  thinks  of  the  motion  of  the  fronts  as  a phenomenon  some- 
thing like  the  breaking  of  water  waves,  only  that  for  fronts 
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the  breaking  (corresponding  to  the  occlusion  process)  takes 
place  in  the  horizontal  rather  than  the  vertical  plane.  The 
result  i3  a set  of  four  first  order  nonlinear  partial  differ- 
ential equations  in  two  independent  and  four  dependent  vari- 
ables which  are  of  hyperbolic  type.  Numerical  solutions  by 
finite  differences  are  being  carried  out  by  G.  Booth,  but  the 
calculations  are  extremely  tedious  and  only  meager  results  are 
available.  However,  the  qualitative  character  of  the  notion 
seems  to  be  correctly  obtained--for  example,  the  cold  front 
steepens  relative  to  the  warm  front  when  the  initial  motion 
of  the  originally  stationary  front  (assumed  to  run  in  the 
east-west  direction)  is  a bulge  toward  the  north.  These  ap- 
proaches to  the  problem  of  a dynamical  treatment  of  the  mo- 
tion of  fronts  have  perhaps  one  virtue  a;,  least:  they  indi- 
cate the  lengths  to  which  it  is  necessary  to  go  to  get  a the- 
ory capable  of  yielding  even  qualitatively  the  observed  phe- 
nomena. A report  on  this  work  by  Stoker  and  Whit ham  (which 
we  plan  to  continue)  is  being  written. 

3 . Elasticity 

Two  doctor's  theses  have  been  completed  recently  in  this 
field.  Both  are  concerned  with  nonlinear  problems  in  which 
the  nonlinearity  arises  because  finite  displacements  are  per- 
mitted, but  linear  relations  between  stress  and  strain  are 
assumed  to  hold.  The  thesis  by  M.  Yanowitch  is  a study  of 
the  stability  of  equilibrium  of  two  different  types  of  bent 
states  of  equilibrium  of  the  thin  circular  plate.  In  both 
cases  the  bent  state  in  question  is  symmetrical  with  respect 
to  the  center,  and  is  furnished  by  appropriate  solutions  of 
the  nonlinear  F8ppl-von  Karraan  equations.  In  one  case  the 
bent  state  of  equilibrium  arises  through  buckling  of  the 
plate  under  thrust  applied  in  the  plane  of  the  plate  and  at 
its  edge  (obtained  by  Friedrichs  and  Stoker);  in  the  other 
the  bent  state  arises  through  pressure  applied  normally  to 
the  face  of  the  plate  (obtained  by  Bromberg).  The  stability 
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of  both  types  of  equilibrium  with  respect  to  perturbations 
not  symmetrical  to  the  center  of  the  plate  has  been  studied 
in  detail  by  Yanowitch.  For  the  buckled  states  the  result  is 
that  the  symmetrical  state  becomes  unstable  under  suffici- 
ently high  pressure  at  the  edge  (because  of  a high  circumfer- 
ential compression  near  the  edge)  if  the  edge  of  the  plate  is 
embedded  in  lateral  springs,  no  matter  how  stiff--in  other 
words,  what  might  be  called  a "second  buckling"  with  circum- 
ferential wrinkles  seems  likely  to  occur.  (Friedrichs  and 
Stoker  failed  to  obtain  such  a second  buckling  because  they 
assumed  the  edge  of  the  plate  to  be  held  rigid.)  In  the  case 
of  the  plate  under  normal  pressure  it  is  shown  that  the  sym- 
metrical bent  state  becomes  unstable  at  a certain  suffici- 
ently high  value  of  the  normal  pressure  provided  that  the 
edge  of  the  plate  is  permitted  freedom  to  move  in  the  radial 
direction:  the  Instability  with  respect  to  unsymmetrical 

perturbations  again  results  because  of  the  development  of 
circumferential  compression  in  a ring  toward  the  edge  of  the 
plate . 

A second  thesis  in  nonlinear  elasticity  was  completed  by 
B.  Altshuler  under  the  supervision  of  K.  0.  Friedrichs.  It 
dealt  with  the  nonlinear  buckling  of  the  thin  spherical  shell 
under  uniform  external  pressure.  The  object  of  the  thesis 
was  to  deal  with  the  observed  nonlinear  buckling  into  small 
inward  dimples  by  using  appropriate  asymptotic  developments 
involving  a boundary  layer  treatment.  The  problem  appears  to 
be  one  of  great  difficulty,  since  even  to  get  a formal  asymp- 
totic development  was  far  from  simple.  Such  a development 
was  obtained,  but  the  calculations  needed  to  obtain  numerical 
results  of  a type  suitable  for  checking  the  observations  have 
not  been  carried  out  because  of  their  complexity. 

4 . Nonlinear  vibrations 

In  this  field  interest  was  confined  to  the  study  of  a 
nonlinear  system  having  infinitely  many  degrees  of  freedom, 
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with  the  object  of  extend  inn;  the  Poincare  theory  of  the  ex- 
istence of  time-periodic  solutions  in  the  neighborhood  of  a 
given  periodic  solution.  The  nonlinear  system  chosen  was  the 
linear  vibrating  string  embedded  in  lateral  springs  whose 
stiffness  is  a nonlinear  function  of  the  lateral  displace- 
ment. This  leads  to  the  classical  wave  equation  in  one  space 
variable  and  the  time  with  a nonlinear  term  in  the  dependent 
variable.  The  problem  of  proving  the  existence  of  a periodic 
solution  in  the  neighborhood  of  a solution  of  the  linearized 
equation  was  attacked  by  F.  Ficken  (who  was  visiting  the 
Institute  while  on  leave  from  the  University  of  Tennessee)  by 
the  methods  of  functional  analysis.  Unfortunately,  it  turned 
out  that  the  existence  theorem  could  not  be  established  be- 
cause the  famous  "difficulty  of  the  small  divisors"  first 
noticed  by  Poincare  burned  up  unexpectedly.  However,  the 
methods  developed  by  Ficken  were  successfully  applied  by 
B.  Fleishman  in  his  doctoral  thesis  to  yield  the  existence  of 
a periodic  solution  in  the  same  problem  when  a viscous  damp- 
ing term  with  a sufficiently  large  coefficient  is  included  in 
the  differential  equation.  J.  Keller  has  recently  treated 
the  problem  of  the  bowing  of  a violin  s tr ing--which  belongs 
in  the  same  general  category  of  nonlinear  problems--by  quite 
different  methods  which  yield  explicit  solutions. 
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Explosions:  The  propegatlon  of  spherical  blast 

When  the  disturbance  produced  in  the  surrounding  air  by 
the  explosion  is  weak  (whether  this  applies  to  the  whole  dis 
turbed  region  or  only  beyond  a certain  distance  from  the  cen 
ter  of  the  explosion),  the  propagation  may  be  described  by 
the  method  used  in  my  paper  "The  Flow  Pattern  of  a Supersoni 
Projectile"  (Comm,  on  Pure  and  App.  Math.,  Vol . V,  No. 

Aug.  1952).  The  appropriate  details  were  worked  out. 

With  this  theory  for  the  behavior  at  some  distance  and 
"Taylor  type"  solutions  near  the  center  of  the  explosion, 
one  of  the  remaining  questions  is  how  the  gap  should  be 
bridged.  Brinkley  and  Kirkwood  (Phys.  Rev.  71,  p.  606)  sug- 
gest an  answer  which  I now  believe  is  reasonable.  However, 
assumptions  are  made  and  many  people  are  not  satisfied  with 
that  work.  The  problem  is  difficult  and  I tried  to  simplify 
it  by  considering  the  case  of  the  explosion  in  water.  Then, 
for  example,  the  particle  velocity  may  be  neglected,  in  cer- 
tain places,  in  comparison  with  the  changes  in  the  velocity 
of  sound,  and  the  characteristics  are  approximately  lines 
t = constant.  I have  had  some  success  in  solving  the  result 
ing  equations,  but  cannot  say  yet  whether  the  problem  will  b 
solved . 

Transonic  flow  past  bodies 

I have  participated  in  the  seminar  on  this  subject,  giv 
ing  a few  lectures  on  some  of  the  work  that  has  been  done  in 
this  field.  From  reading  the  literature  and  from  various 
discussions,  I felt  that  some  quite  new  (and  if  necessary 
drastic)  method  of  approximation  would  be  valuable.  I have 
made  one  or  two  attempts  in  this  direction,  but  without  re- 
sult so  far. 
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Dynamics  of  meteorological  fronts 

I suggested  a theory  covering  one  phase  of  the  motion: 
the  development  of  the  cold  front  towards  breaking  like  a 
compression  wave  in  gas  dynamics,  and  the  ’’smoothing  out”  of 
the  warm  front  as  in  an  expansion  wave.  The  breaking  wave 
may,  in  general,  be  replaced  by  a bore,  but  in  one  Important 
region  this  is  impossible  since  there  could  be  no  mass  flux 
through  the  wave.  However,  simple  assumptions , e.g.  that  the 
breaking  wave  will,  in  such  regions,  move  with  a velocity 
which  is  the  average  of  the  particle  velocities  just  at 
breaking,  produce  realistic  effects  such  as  the  occlusion 
process.  I am  now  looking  into  this  part  of  the  problem  more 
carefully. 

Breakup  of  fluid  into  drops 

In  connection  with  the  contract  which  includes  this 
topic,  I formulated  the  problem  of  a spherical  shell  of  liq- 
uid surrounding  an  expanding  sphere  of  gas.  (This  is  a crude 
representation  of  a liquid  bomb.)  I investigated  how  the  in- 
stability of  the  liquid  surface  is  connected  with  the  motion 
of  the  gas  sphere  in  order  to  find  optimum  conditions  for  the 
breakup  of  the  liquid  and  to  estimate  size  of  drop,  etc. 

I find,  however,  that  Keller  and  Kolodner  had  tackled  this 
and  similar  problems  about  the  same  time.  I understand  that 
their  work  includes  mine  and  so  I have  discontinued  it. 

Propagation  of  spherical  blast  In  a star 

In  its  undisturbed  state,  the  star  is  assumed  to  be  a 
sphere  of  gas  with  internal  pressure  distribution  balancing 
the  forces  of  gravity.  The  outward  propagation  of  weak 
spherically  symmetrical  disturbances  arising  in  the  interior 
of  the  star  is  then  investigated.  First,  a solution  of  the 
linearized  equation  of  the  motion  in  the  form  of  an  expan- 
sion, valid  at  large  distances  and  also  near  the  head  of  the 
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w?.ve.  Is  obtained.  Secondly,  this  solution  is  corrected  by 
the  technique  described  in  the  Communications,  Vol.  V,  pp. 
301-348,  to  ^Ive  the  nonlinear  theory.  Finally  the  motion  of 
the  shocks  Is  determined.  The  significance  of  the  results  Is 
still  under  consideration;  however,  one  Important  result  Is 
that  a shock  can  Increase  In  strength,  Instead  of  decaying, 
as  It  would  without  che  effects  of  gravity.  It  Is  booed  that 
the  method  will  be  of  more  general  application  and  may,  for 
example,  be  used  in  the  problem  of  the  motion  of  waves  and 
bores  in  shallow  water  of  non-uniform  depth. 
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